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Abstract 

We study the underlying relationship between Painleve equations and infinite-dimensional 
integrable systems, such as the KP and UC hierarchies. We show that a certain reduction 
of these hierarchies by requiring homogeneity and periodicity yields Painleve equations, in- 
cluding their higher order generalization. This result allows us to clearly understand various 
aspects of the equations, e.g.. Lax formalism, Hirota bilinear relations for r-functions, Weyl 
group symmetry, and algebraic solutions in terms of the character polynomials, i.e., the Schur 
function and the universal character. 
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1 Introduction 

The present article is aimed to develop the study of Painleve equations by means of a viewpoint 
of infinite-dimensional integrable systems. First of all, to explain our motivation, we recall the 
special polynomials associated with Painleve equations. For example, the second one (Pu): 

d^q - ^ 

— - = 2q + xq + a 

dx^ 

has a particular solution ^ = when a = 0. Furthermore Pu has the Backlund transformations 
generated by (see, e.g., IfT^ll ) 

n : q —q, a —a, 
a - J 

ri : q q -\ , a I - a. 

It follows that Pu has a rational solution if a is an integer. Interestingly enough, the factors appear- 
ing in the denominator and numerator of the rational solution form monic polynomials with integer 
coefficients; we call them the Yablonskii-Vorob' ev polynomials [54] . The first few are Ti{x) = x, 
Tjix) = x^ +4, Tsix) = x^ + 20x^ - 80, T^ix) = x(x'^ + 60x^ + 11200), etc. An effective way to 
understand the nature of these polynomials is provided by the connection with soliton theory. Let 
us consider the (modified) KdV equation 

4— - -6v^— -I- — (11) 
dt dx dx^ ' 
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which is a typical soliton equation. Since (11.11 ) is a homogeneous equation (of degree -4) by 
counting the degree of variables as degx = 1, degt = 3, and degv = -1, it admits a similarity 
solution of the form v{x,t) = (-3t/A)~^^^q{(-3t/4)~^^^x). The function q = q{x) thus satisfies 
Pii, see [T|. On the other hand, we have previously known that (|l.ll) has a rational and similarity 
solution written by the use of the Schur functions attached to staircase partitions. Finally, the 
Yablonskii-Vorob'ev polynomial turns out to be a specialization of the Schur function; see IfTSll . 
The emergence of the Schur function is significant from our standpoint because as shown by Sato 
dm the KP hierarchy, which is the most basic class of soliton equations, is exactly an infinite- 
dimensional integrable system characterized by the Schur function. 

Besides the second one, such special polynomials associated with algebraic or rational solu- 
tions have been defined also for other Painleve equations; they are referred to as the Okamoto poly- 
nomial for Piv and the Umemura polynomials collectively for Pm, Py, and Pyi- These polynomials 
are known to possess interesting features from both combinatorial and representation-theoretical 
point of view (see [29]), and thus may be regarded as 'nonlinear analogues' of the classical or- 
thogonal polynomials typified by the Jacobi polynomial. Along the same lines, the Okamoto 
polynomial is expressible in terms of the Schur function attached to a three-core partition, based 
on the fact that Piy coincides with a certain similarity constraint of the Boussinesq equation (which 
belongs to the category of KP hierarchy as well as KdV); see [|T9l |3T| . But, however, it takes on 
a diff"erent posture concerning the Umemura polynomials for Py and Pyi- As was discovered by 
Masuda et al. [I25ll26l . they are in fact expressed by the universal character (attached to a pair of 
staircase partitions). 

The universal character defined by Koike [1211 . is a polynomial attached to a pair of 

partitions [/I,//] and is a generalization of the Schur function 5^. While the latter, as is well known, 
describes the character of an irreducible polynomial representation of the general linear group, 
the former does that of a rational one. Inspired by the connection between the KP hierarchy and 
the Schur function, the author proposed in [ |46l an extension of the KP hierarchy, called the UC 
hierarchy, as an infinite-dimensional integrable system characterized by the universal character. 

Character polynomials versus Infinite integrable systems 
Schur function S ^ KP hierarchy 

n n 

Universal character S UC hierarchy 

In this paper, expanding our subject to the UC hierarchy beyond the KP hierarchy, we present 
a unified derivation of Painleve equations (including their higher order analogues) from infinite- 
dimensional integrable systems via a certain similarity reduction. As a corollary we clarify the 
origin not only of the special polynomials but also of various aspects of Painleve equations, e.g., 
bilinear relations for r-functions, Weyl group symmetry, and Lax formalism. 

The KP hierarchy was originally introduced as a series of nonlinear partial diff"erential equa- 
tions associated with an auxiliary linear problem. In this paper, however, we adopt an equivalent 
definition of the KP hierarchy due to Date-Jimbo-Kashiwara-Miwa (see 11271 ) by a single func- 
tional equation (called the bilinear identity) for an unknown function r = t(jc) in infinitely many 
time variables jc = {x\,X2, ■ ■ ■)■ Likewise, the UC hierarchy can be defined by a system of two 
equations for an unknown function r = t{x) in (jc,^) = {x\,X2, . . . ,y\,y2, ■ ■ ■)■ It should be noted 
that if we count the degree of each variable as degx„ = n and degj„ = -n, then both hierarchies 
come out to be homogeneous, and thereby admit similarity solutions. In other words, the UC 
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hierarchy well generalizes the KP hierarchy by taking the negative time evolutions into account 
besides the positive ones while keeping its homogeneity. Remarkably, the homogeneous polyno- 
mial solutions of the KP (resp. UC) hierarchy are filled with the Schur functions (resp. universal 
characters). We summarize below some fundamental data to illustrate difference between the KP 
and UC hierarchies. For details to Sects. [2]and[6l 



Table 1. Comparison of KP and UC hierarchies 





KP hierarchy 


UC hierarchy 


Time variables 


X = (X\,X2, ■ ■ .) 

deg Xn = n 


{x,y) = (xuX2,...,yuy2,---) 

degXn = n, deg J,, = -n 


Dependent variables 


T = t(x) 


T = T(x,y) 


Bilinear identities 


Zi,J=-iX7T®XjT = 




Vertex operators 




y y±7-« _ ^±^(j~d,,z-')„+^{dy,z) 


Homogeneous 
polynomial solutions 


5,1 = S^(x) 


S [A,fj] = S [A,fj](x,y) 


Phase space 


S GM: Sato Grassmannian 


SGMxSGM 



Moreover, we can derive from the original ones similar bilinear identities among solutions 
generated by successive application of vertex operators; let t„ = t„(x) and Tm,,, = Tm,„(jc, j) denote 
such sequences of solutions for the KP and UC hierarchies, respectively. In particular, the set 
of functional equations satisfied by the contiguous solutions is called the modified hierarchy. For 
instance, the modified KP hierarchy consists of the equation 



i+;=-2 

Also, a typical equation of the modified UC hierarchy is (cf. Example 16.31) 

i+j=0 

The modified hierarchies play an essential role in the relationship to Painleve equations. 

Principle ingredients of the similarity reduction are homogeneity, periodicity, and specializa- 
tion. Firstly, since the (modified) KP and UC hierarchies are homogeneous, it is possible to restrict 
them to the self-similar solutions, i.e., ones that satisfy 

Et„ dfi^n and E T,j^ fi — dffi^n'^m,n (1-2) 

with some constants d„, dm^„ 6 C, where 




for the KP and UC cases, respectively. Secondly we reduce the dimension of phase space by 
imposing the periodic condition on the dependent variables as t„+[ = t,, and Tm+f,,„+^, = r^,,,. 
Finally, in order to obtain ordinary differential equations, we need to choose a suitable direction of 
time flow, i.e., specialization of independent variables. The result is stated as follows: 
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Theorem 1.1. The {higher order) Painleve equations Pu, /'(A^ j), and Pm-chain of order 2£ - 2 
can be obtained as a certain similarity reduction of the modified KP hierarchy with period of order 
2, £ (> 3), and t (> 2), respectively. Likewise, both P{^.^^_^ and P^i-chain of order 2£ - 2 (£ > 2) 
can be obtained as that of the modified UC hierarchy with {€, t)-periodicity. 

(See Tables 2 and 3 below.) 

Here the symbol P{A^^\) represents the higher order Painleve equation of type A^^^^ ( OOl ) or, 
equivalently, the Darboux chain with period i (|l3l[53l); this is a further generalization of Piy and 
P\, and indeed recovers the original ones ii £ = 3 and i = A, respectively. The Pni-chain is a 
higher order analogue of Pm ([l4l|44l|55l). According to its Lax pair (see Sect. 18.31) . the Pyi-chain 
is identified as a certain subfamily of the Schlesinger systems ( [|43ll ). Both Pm- and Pvi-chains 
literally include the originals as their lowest order members. Note that part of Theorem 11.11 about 
the reduction of the KP hierarchy to Pu and P{A^^^^) has been known from [IJ and [i28ll42ll : see 
also Remark [L2l The present result generalizes these previous ones to cover all the classical six 
Painleve equations (including their higher order analogues) by involving the UC hierarchy besides 
the KP hierarchy. We emphasize that our study is based only on the bilinear identities of the KP 
and UC hierarchies, which play the central role as master equations in soliton theory. 

Now, let us describe some advantages of the similarity reduction in Painleve equations. 

(i) (Bilinear form of Painleve equations). In contrast with its original nonlinear one, an alter- 
native quadratic expression of a Painleve equation is often called the (Hirota) bilinear form. 
Via the similarity reduction, the bilinear forms can be reduced directly from the bilinear 
identities of the KP and UC hierarchies, which are a priori quadratic relations. 

(ii) (Algebraic solutions in terms of the character polynomials). Since the Schur function and 
universal character are the homogeneous polynomial solutions of the KP and UC hierarchies, 
respectively, they are consistent with the similarity reduction and thus give rise to algebraic 
solutions of Painleve equations. 

(iii) (Weyl group symmetry). A sequence of homogeneous solutions of the KP hierarchy admits 
an action of a Weyl group of type A generated by a permutation of two serial vertex operators 
at each site. Likewise, for the UC case we have a commutative pair of Weyl group actions 
of type A; this distinction, by the way, reflects the presence of two kinds of vertex operators 
{Xf} and [Yf], which commute with each other. The above explains one origin of Weyl 
group symmetry of Painleve equations. 

(iv) (Lax formalism). The KP hierarchy amounts to the complete integrability condition of a 
system of linear equations, whose dependent variables are 



where \k\ = (k,k^/2,k^ /3, . . .) and ^(x,k) = 2^=1 -^n^"- We call = (/f„(jc, fc) a wave 
function and an extra parameter k a spectral variable; see, e.g., [|27l . The wave functions are 
extendedly defined for the UC hierarchy also as 



l^n(X, k) = 



Tn(X-[k~']) 
T„(X) 




T,n,n-\{X - [k ^],y - [k]) 

'^m,nix, y) 
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The bilinear identities generate the linear equations for the wave functions. Under the simi- 
larity reduction they naturally induce an associated linear system with a Painleve equation, 
i.e., a Lax pair, one of which is the linear ordinary differential equation with respect to the 
spectral variable k and the other governs its monodromy preserving deformation. Note that, 
by this means, compatibility of the Lax pair is a priori established. 

Among the most importance is the Lax formalism because: it enables us not only to classify the 
resulting Painleve equation by singularity type of its associated linear equation but also to detect 
an appropriate dependent variable to translate its bilinear form into nonlinear one. 

The following tables 2 and 3 show the corresponding choice to each individual Painleve equa- 
tion, i.e., the periodicity and specialization of time variables imposed on the KP and UC hier- 
archies. We also indicate (in the fourth column of each table) the number of singularities, and 
Poincare rank for an irregular one, of the associated linear ordinary differential equation with re- 
spect to the spectral variable. Concerning the specialization (see the second column), we note 
that 5 or ? is converted to the independent variable of a Painleve equation through the similarity 
reduction; in parallel, a and b, together with J„ and dm,n appearing in (|1.2I) . go over to constant 
parameters of it. 



Table 2. From KP hierarchy to Painleve equations 



Period 


Specialization on jc 


Painleve eq. 


Linear ODE inz = k^ 


Ref. 


i = 2 


Xn = Q {n \,1>) 


Pii 


2 X 2-system with 
1 reg. sing. 

1 irreg. sing, (rk = 3/2) 


Sect. [51 

cf. m 


n> 3) 


Xn = Q {n 1,2) 1 


e = 3^ Piv, 

f = 4 ^ Pv 


£ X ^-system with 
1 reg. sing. 

1 irreg. sing, (rk = 2/£) 


Sect.[l 
cf. |[2i 


n> 2) 


xi = s + a, 

Xn = ain {n ^ 1) 


Piii-chain: 
i = 2^ Pni 


1 X ^-system with 

2 reg. sing. 

1 irreg. sing, (rk = l/i) 


Sect. [3 


Table 3. From UC hierarchy to Painleve equations 


Period 


Specialization on (jc,^) 


1 Painleve eq. 


Linear ODE in z = 


Ref. 




Xn = s + a/n, 
y„ = -s + a/n 


i = 2^Py 


£ X ^-system with 

2 reg. sing. 

1 irreg. sing, (rk = 1) 


Sect. [7] 




x„ = (a + bt")/n, 
jn = (a + Z7r")/« 


Pvi-chain: 
e = 2^Pyi 


£ X ^-system with 

4 reg. sing. (Fuchsian) 


Sect. [8] 



Remark 1 .2. Since the pioneering work of Ablowitz and Segur |[T1 , the similarity reduction from the 
KdV equation to Pu has been well known. The connection between PiA^^}^) and the KP hierarchy 
was first pointed out by Schiff [|42|. and it was studied independently by Noumi and Yamada 
(see, e.g., flE]) from a group-theoretical point of view. Their theory still has been developed 
with involving the Drinfel'd-Sokolov hierarchy (fJl) and achieved various higher order Painleve 
equations; see [[9l[l0l[IIl[20l[32l[40l. It would be an interesting and important problem to examine 
their relevance to our present results. 
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Remark 1.3. The present work mainly deals with nonlinear ordinary differential equations of 
isomonodromic type. However, our approach remains valid for the partial differential case. In 
[|5T1l . we explore the similarity reduction from the UC hierarchy to a broad class of the Schlesinger 
systems including the Pyi-chain and the Gamier system. See also fiSOll for their hypergeometric 
solutions. 

In the rest of this paper, we investigate each of Painleve equations on the basis of the KP 
and UC hierarchies. In the next section, we begin by a brief review about the KP hierarchy and 
then construct a sequence of its homogeneous solutions applying the vertex operator technique. 
We present a Weyl group symmetry of type A acting on this sequence and arrange some useful 
formulae for the following three sections. In Sect.[3l we derive the Pm-chain from the (modified) 
KP hierarchy through a similarity reduction. We show how its bilinear form, Weyl group symmetry, 
rational solutions expressed in terms of the Schur function, and Lax formalism are systematically 
created. Similarity reductions of the KP hierarchy to P(A''^^}^) and Pu are the subjects of Sects. |4] 
and [51 respectively; though the result itself is essentially known, we demonstrate concisely the 
reduction to clarify our simple idea that various aspects of Painleve equations originate from the 
bilinear identities. Section [6]provides an introduction of the UC hierarchy, which is an extension of 
the KP hierarchy, with preliminaries to the last two sections. Similarity reduction of the (modified) 
UC hierarchy to PiA^^^ ^) is studied in Sect.|71 Interestingly enough, we find a Lax pairof/'(A^y_j) 
different in both size and singularity type from that given in Sect. |4l cf. Tables 2 and 3. In Sect. [81 
we produce the Pyrchain, a higher order analogue of Pyi, as a reduction of the UC hierarchy. 
The corresponding linear equation is a Fuchsian system with four regular singularities; thus, the 
Pvi-chain is equivalent to a particular case of the Schlesinger systems. In the appendix, we briefly 
indicate a derivation of Pi from the KP hierarchy by using a Virasoro operator. 



In this section, we recall some basic facts about the KP hierarchy starting from the vertex operators 
associated with the Schur function. Two contiguous solutions connected by the vertex operators 
satisfy a certain bilinear relation, which we call the modified KP hierarchy; it will be crucial for 
investigating the link to Painleve equations. We consider a sequence of homogeneous solutions of 
the hierarchies and present its Weyl group symmetry of type A. Some relevant formulae are also 
prepared for the following three sections. 

2.1 Schur function, vertex operator and KP hierarchy 

We begin by recalling the definition of the Schur function and then introduce the vertex operators 
which play roles of raising operators of it. A partition /I = (/li , /I2, . . .) is a sequence of non-negative 
integers such that > /I2 > ■ • ■ > and that Ai = for i » 0. The number I = 1{A) = {i \ Ai + 0} 
is called the length of A\ and the sum = /li + /I2 + • • • + /I/ is called the weight of A. The Schur 
function S a = S a(x) attached to a partition A is a polynomial in jc = {xi,X2, ■ ■ ■) determined by the 
Jacobi-Trudi formula (see, e.g., |[23ll ): 



2 KP hierarchy 




(2.1) 
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where />„ (n e Z) is defined by the generating function 

oo 

J]p„(x)r = e«"-') and ^ix,k) = J^x^k'' (2.2) 

neZ n=l 

or, equivalently, Pn = (n < 0), po = \, and 



Pn= 2j 



k\ +2k2 H — =n 



If we count the degree of variable jc„ as deg Xn = n, then 5^ is a (weighted) homogeneous polyno- 
mial of degree \A\. 

Introduce the partial differential operators 



X^ik) = = e^^^''''^e^^^'^'"'''\ (2.3) 



called the vertex operators. Here stands for . . .j. It is worth mentioning that the 

operator is a raising operator of the Schur function in the following sense: 

SAx) = Xl...Xl.l (2.4) 

for a partition A = {Ai, . . . , Ai). Let us now formulate the KP hierarchy by using X*. 

Definition 2.1. For an unknown function r = r(jc), the bilinear equation 

^ X;T®XjT = (2.5) 

i+j=-l 

is called the KP hierarchy. 

We regard f ® g = f{x')g{x) as an element of C[jc'] O C[jc]. It is then obvious that (12.51) can be 
rewritten into the equation 

e«"-"''^Mzr(jc' + [z-'])t(jc - [1'^) = (2.6) 

with jc and x' being arbitrary parameters. Here the symbol [t] denotes (t,t^/2,t^ /3, . . .) and the 
integration ^ ^^'^ means taking the coefficient of 1 /z of the integrand as a (formal) Laurent ex- 
pansion in z. By choosing appropriately the specialization of the arbitrary parameters jc and x' 
in (12.61) . we can derive various functional equations for r. For instance, the Taylor expansion at 
JC = jc' yields an infinite series of nonlinear differential equations (cf. Sect. 12.31) . the first member 
of which is 

(d,,^ + 3D,,^ - 4D,,D,,) T • T = 0. (2.7) 
Here recall the definition of the Hirota differential 

P{D,)m ■ g(x) = P(da)f(x + a)g(x - a)Uo (2-8) 
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for a polynomial PiDx) in = (D^i , ^.vo. ■ • •)• Through the change of variables 




2 



logT, 



(2.9) 



in fact, (12.71 ) is converted to the KP (Kadomtsev-Petviashvili) equation 



3 d^u d I du 3 du 1 d^u \ 



Adx2^ dxi \dxi, 2^ dxi Adxi^) 



As one can read from (12.91) . it is quite natural to require t(jc) to be an entire function. We call an 
entire function t(jc) solving the KP hierarchy a T-function. Note that r-functions are distinguished 
up to constant multiplication. The celebrated Sato theory revealed that each solution of the KP 
hierarchy is parameterized by a point of an infinite-dimensional Grassmann manifold, called the 
Sato Grass mannian, and the r-functions emerge from its Pliicker coordinates; all the Hirota differ- 
ential equations, like (|2.7I) . constituting the KP hierarchy are identified with the Pliicker relations. 
Moreover, from the viewpoint of infinite-dimensional Lie algebra, the r-functions can be described 
as the orbit of a trivial one r = 1 under the action of vertex operators; see, e.g., [271 . 

Remark 2.2 (Scaling symmetry of the KP hierarchy). If r = t(xi,X2,X3, . . .) is a solution of the 
KP hierarchy, (|2.5I) . then so is t{cxi,c^X2,c^Xi,, . . .) for any c e C^; thus, it is meaningful to 
take interest in solutions invariant under this scaling symmetry up to constant multiplication. For 
example, the Schur function S ^(jc) is a solution of the KP hierarchy, and possesses the homogeneity 
S a(cxi,c^X2,c^Xi„ . . .) = c''''5^(jc). In other words, ES ^(x) = \A\S ;i{x) with E denoting the Euler 
operator: 



It should be noted that the whole set of homogeneous polynomial solutions of the KP hierarchy is 
equal to that of the Schur functions; see ||4T1| . 

Now let us put our attention to the functional relations for a sequence of r-functions connected 
by successive application of vertex operators. Suppose tq := r(jc) to be a solution of the KP 
hierarchy, (|2.5I) . Let ri := X'^(a)T(x) with an arbitrary constant a e C^. Then ri solves (|2.5I) again. 
Moreover we can deduce the bilinear equation Z;+;=-2 ^,"'''0 ® ^/"^i = from (|2.5I) multiplied by 
1 <8i X^{a) with the aid of the fermionic relations 



Definition 2.3. For a sequence r„ = r„(jc) (n e Z) of unknown functions, the system of bilinear 
equations 




(2.10) 



XfX^ + X%,Xt, = and X^X] + X]^X-i = ^/+y,o- 



(2.11) 




(2.12) 



i+j=-2 



is called the modified KP hierarchy or, shortly, mKP hierarchy. 
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2.2 A homogeneous r-sequence and its Weyl group symmetry 

Define a partial differential operator V(c) (c e C) by 



V{c) = I X^(k)k-'-'dk, 

where the path 7 : [0, 1] ^ C is well chosen such that [X'^(k)k~'^]^'^^^ = 0; thus, y may depend 
on c in general. One can verify in the same way as Sect. 12.11 that: if to(jc) is a solution of the 
KP hierarchy then so is ti = V(c)tq and, moreover, the pair (ro,Ti) satisfies (12.121) . In this sense 
we may call also V(c) a vertex operator. An interesting feature of our vertex operator V{c) is 
its homogeneous property: if a function / = f{x) is an eigenfunction of the Euler operator (see 
(|2.10l) ). i.e., Ef = df for some d e C, then a new function g = V(c)f satisfies Eg = (d + c)g again. 
This fact is an immediate consequence of the following 

Lemma 2.4. It holds that [E, V{c)] = cV{c)for any c e C. 

Proof. First recall the formula e^Be'^ = e'^^^^'^B = B + [A,B] + ^[A, [A, B]] + ■ ■ ■ for any op- 
erators A and B, where ad(A)(5) = [A, 5]. Since [^(x,k),d/dxn] = -k'\ we have [^{x,k),E] = 
-Y,n>\n^nk" = -k-^^{x,k). Therefore 

^^{x,k)^^-^ix,k) ^ ^ _ k). (2.13) 

ok 

On the other hand, from [^(-5;^, k~^), x,,] = we observe [^(-^:c, k~^), E^ = - Z,i>i ^ = 

-k-^^{-dx,k~^). Accordingly, we obtain 

^^i-MEe-^i-a.M-^) k^^i-d^X'). (2.14) 

ok 

Hence we see that 

EX\k) = Ee^^-'^)^^-^-*^"') (2.15) 
= e^(^''^Ee^^-'-'-'^ + ('t^e^^''^) /("^-'^ '\ using 

= e^--'^) ( e^^-'-'"^E + k-e^'-'-'^'] + i k-e^'^'A e^'-'-'"\ using (I04l) 
\ dk I \ dk I 

= X*{k)E + k—X\k). (2.16) 
ok 

Finally, we conclude that 

[E,V{c)]= {{E,X\k)W'~^^k= f ^^J^h -'dk, using (|2J61) 
Jy Jy ok 

= [X\k)k-%^^^ + c r X\k)k~'''dk = cV{c) 
via integration by parts. □ 
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Suppose To(jc) to be a solution of the KP hierarchy (12.51 ) satisfying Etq = Jo^o- Introduce a 
sequence {tq, Ti, T2, . . .} of solutions defined recursively by t„+i = V(c„)t,j for arbitrary parameters 
c„ e C given: 

V(c„-2) V(c„-i) V{c„) V(c„+i) 
■•■ > Tn-l > T„ > Tn+1 > •■• (2.17) 

Since tq is homogeneous, so are all t„ (n > 1). To be specific, we have Exn = dnTn with dn+i = 
dn + Cn- We shall call a sequence of solutions of the KP hierarchy of the form (|2.17l) a homogeneous 
T-sequence. 

Example 2.5 (A sequence of Schur functions). For example, let c = n be an integer and y a 
positively oriented small circle around k = Q. Then V{n) = In^T-lX^^ according to (12.31) . Fix a 



partition /I = (/li, /I2, . . . , /I/), and recall (12.41) . Starting from a trivial solution r = S%{x) = 1 of the 
KP hierarchy, we thus have a sequence of Schur functions connected by successive application of 
X+ of the form (cf. |fT6ll ): 

50 = 1 > S (^,) > S (A,_i,Ai) ^ ■ ■ ■ ^ 5 {Ai,A2,...,Ai) 

This type of homogeneous r-sequence in fact yields a class of rational or algebraic solutions of 
Painleve equations; cf. [,31. 1 . We shall explicitly demonstrate for the Pm-chain in Sect. I3.4[ 

Let us now concern Weyl group symmetry of the homogeneous T-sequence. First notice that 
the fermionic relation 

V{a)V{b) + V{b-\)V{a + l) = Q (2.18) 

holds. Interchange the {n - l)th and nth operations in the chain (12.171 ) while taking (12.181 ) into 
account. We hence obtain a new sequence 

V(c„_2) V(c„ + 1) ^ V(c„_i-1) V(c„+i) 

> Tn-l ^ Tfi > ^ 

which is identical with the original one, (|2.17l) . except t„ is replaced by 

Tn = y{Cn + 1)t„-1. 

Besides, the degree of f„ reads as J„ = + c„ + 1 = - J„ + + 1. Let us refer to the above 
permutation of vertex operators as r„. 

We can consider the operation r, at each /th site in the chain. With respect to the variables 
or, = di - di = di-i - 2di + dj+i + 1, the operation r, induces the transformation 

riiad = -Qi, ri(ai±i) = at+i + ai, and r,(Qry) = aj (j i, i + 1). 

This is exactly the canonical realization of a generator of the Weyl group of type A if we regard a, 
as a simple root. One can easily verify that (r,) indeed fulfills the fundamental relations 

= 1, riri^-^ri = r,±ir;r,+i, and r,ry = r/,- (j i, i + 1). 

In summary, we find a realization of the Weyl group of type A generated by a permutation r, of 
two serial vertex operators at each ith site of the homogeneous r-sequence (|2.17l) . This is in fact 
one origin of Weyl group symmetry of Painleve equations, as demonstrated lucidly for Pni-chain, 
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P(A^f\), and Pu respectively in Sects. l3.3il4.2[ and l5.2l below. Note that in [f56l| a similar treatment 
of the above Weyl group action was explained in the context of binary Darboux transformations. 
Also, there is an alternative approach to the symmetry of Painleve equations based on the GauB 
decomposition of (Lax) matrices; see [28]. 

Before closing this subsection, we shall prepare some useful formulae that will be employed 
later. 

Lemma 2.6. Let {. . . , T„_i,Tn, t„+i, . . .} be a (homogeneous) T-sequence such that t„+i = V{c„)t„. 
Let f„ = V{c„ + 1)t„_i. Then we have 

T„_i®T„+i= X-f„®Z;T„, (2.19a) 

'•+;■=- 1 

Tn ®fn-fn®Tn= ^^'^n^^ ® ^]^n-\ ■ (2.1%) 

,•+;■= 1 

Proof. By applying y(c„ + 2) (g) 1 to (|2.12l) one can verify (|2.19a|) straightforwardly via (|2.1 II) . 
Similarly it follows from (|2.5I) applied by V{Cn-i) ® 1 that 

Tn-l ®Tn= ^i^n ® ^|t„_i . (2.20) 

i+j=0 

In addition, applying V(c„ + 1) (8 1 to this leads to (|2.19bl) . □ 



2.3 Preliminaries for Sects. |3]-|5]: difference/differential equations inside mKP 
hierarchy 

The mKP hierarchy (12.121) can be equivalently rewritten into 

_J_ + [z-^])T„,i(x - iz-']) = (2.21) 

2n^f-iJ 

for arbitrary jc and jc'. We first present some difference and/or differential equations arising from 
(|2.21l) : cf. [61. We henceforth require a solution t„{x) of (12.211) to be an entire function. 

Lemma 2.7. The following functional equations hold: 

{tD,^ + 1) T„ (x - [t]) ■ T„+i (x) - Tn (x) T„+i (x - [t]) = 0, (2.22a) 
(Ds, - 1) T„(x) • r„+i(x) + T„ {X - [t]) T„+i {X + [t]) = 0, (2.22b) 

(t - s)Tn(X - [t] - [5])r„+i(x) - tTn(X - [f])T„+i(x - [s]) + ST„(x - [s])t„^i(X - [t]) = 0, (2.22c) 

(Ds, + —]t„(x - [s]) ■ T„+i(x) + — T„(X - [t])Tn+i{X + [t] - [s]) = 0, (2.22d) 
\ s - 1/ t - s 

where Dg, denotes the Hirota differential with respect to the vector field 

6t = y/^. (2.23) 
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Proof. We shall verify (I2.22al) . (l2.22bD . (l2.22cD . and (I2.22dl) by taking the variables in as 

(a)jc-jc' = [f], (b)jc-jc' =2[?], (c) jc - jc' = [?] + [5], (d) jc - jc' = 2^ + [5], 

respectively. Let F = F{z) denote the integrand of (12.211) and write Q. = ze^'^^'^'-^Mz, for conve- 
nience. 

Substitute jc' = jc - [t] for the case (a). Under this specialization we observe 



l-tz 



in view of the Taylor expansion, - log(l - u) = u" In valid for |m| < 1. The integrand has the 
three singularities z = l/t (simple pole), z = 00 (double pole) and z = (which may be an essential 
singularity). Accordingly (12.211) becomes 



f F(z)dz = 0, where 



F(Z) = -^T„(X - [t] + [Z-'])T,^1(X - iz-']) 

l-tz 

and the integration contour C is taken along a positively oriented small circle around z = such 
that z = I It, 00 are exterior to it. The residues at the two poles are evaluated as 

ResF(z)dz = -t'hn {X) Tn+l {x -[?]), 

z=\lt 



and 



ResF(z)dz = -ResF(w ^dw, where = 1 

aw \t -w 

;rn {x - [t] + [w]) T„+i {x - [w]) 



w=0 



it - wf 

+ —TT 7^<5HTn {X - [t] + [W]) • Tn+l {x - [w]) 

w{t - W) „,=0 

= t'hn {X - [t]) Tn+l (X) + t'^D^J^ (x -[?])• T„+i (x) . 

We find through Cauchy's residue theorem that ResF(z)dz + ResF(z)dz = 0, which implies (|2.22al) . 

Z=i-/t Z=oo 

For other cases the differential form of Q. and the singularities of F{z) are listed below: 



Case 




Q 




Singularities of F(z) other than z = 


(b) 




zdz 




z = 00 (simple pole), z= l/t (double pole) 




a-tzy 

zdz 




(c) 






z= l/t,l/s,oo (simple poles) 


(1 


-tzYl- 


sz) 


(d) 




zdz 




z= l/s (simple pole), z= l/t (double pole) 


(1 


- tzm - 


sz) 
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We see that (12.211 ) takes the form L F(z)dz = for each case as well as (a). Here C encircles 
z = so that all the other singularities are exterior to it. Residue calculus again leads to the desired 
results (I2.22bl) - (l2.22dl) . □ 

For later convenience, we summarize how to derive an infinite series of Hirota differential 
equations from the functional relation 

^ X;f^Xjg = for a given J e Z, (2.24) 

i+j=-i-d 

where f^g = f{x')g{x) is regarded as an element of C[jc'] C[x]. Now let us consider the Taylor 
expansion of (|2.24l) at jc' = jc, i.e., replace (jc', jc) with (x + u,x - u) and then expand with respect 
to the variables u = (ui,U2,...)- We thus obtain 



^ ^z^dze-2«"'^)e«^-^"'V(x + u)g(x - u) = 0, 



In 
thereby, 

^ Pi(-2u)p.j(d„)f(x + u)g(x - h) = 0. 

i+j+d=-l 

If we remember the definition of the Hirota differential (12.81) , we can verify that 

p.j(d„)f(x + u)g(x -u) = p.j(D,)e^^=^ ""^-/(x) • g(x), 
with Dx denoting (D^, , Dx^/I, Dj(J3, . . .). Introduce the generating function 

G,{f(x),g(xy,u):= Pi(-2u)p^j(D,)e^^^""''-^f(x)-g(x) (2.25) 

in M = (mi, M2, . . .). Therefore we conclude that 

G,im,g(x);u) = 0. (2.26) 

Example 2.8. Let us write down a few of Hirota differential equations arising from the mKP hier- 
archy (12.121) . Put d = 1, / = T„, and g = Tn+i in (12.261) . Then, the coefficients of 1 = h° and ui 
give 

(d,.2+d,,)t„-t„+i =0 (2.27) 

and 

(d,. ' - 3Z),.Z),, - 4D,3) T„ • r„+i = 0, (2.28) 

respectively. 



3 From KP hierarchy to Painleve III chain 

In this section, we derive a system of nonlinear ordinary differential equations from the /"-periodic 
mKP hierarchy {£ > 2) through a homogeneity constraint. This system, called the Pm-chain, 
provides a higher order generalization of the third Painleve equation, which indeed coincides with 
the original one when £ = 2. 
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3.1 Similarity reduction 

Let Tn{x) be a solution of the mKP hierarchy, (|2.12l) or (|2.21l) . satisfying the /"-periodic condition: 
Tn+e = Tn (i > 2), and the similarity condition: 

ETnix) = dnTnix) (4 6 C) (3.1) 

where E = 2^=1 nxndjdxn- Introduce the functions cr„ = cr„(a, s) (n e Z/£Z) defined by cr„(a, s) = 
T„{x) under the substitution 

a 

xi = s + a and x„ = - (n > 2). (3.2) 

n 

Note that s will play a role of the independent variable while a will be regarded as a constant 
parameter. 

Proposition 3.1. The functions cTn = cr„{a, s) satisfy the system of bilinear equations 

(A + l)o-„(a -l,s)- o-n+iia, s) - cr„ia, s)cr„+iia -l,s) = 0, (3.3) 
(sD, + a + dn+i - dn) o-„ia, s) ■ crn+i(a, s) - acr^ia - 1, s)crn+i{a +l,s) = 0. (3.4) 

Proof. Observe that 

d_ _ y^ dXn_d_ _ ^ ^^^^ 

ds ^ ds dxn dxi 

n=l 

Also we see that 

^ d d ^ d d ^ 

E = y nx„— = s— +a ) — = s— +a6i. (3.6) 
^ ox„ oxt ^ ox„ ds 

n=i n=l 

Hence, with the aid of the homogeneity (|3.1I) . we can readily verify (|3.3I) and (|3.4I) from (I2.22a|) 
and (|2.22bl) . respectively. □ 

For appropriately chosen dependent variables, we will derive a system of nonlinear ordinary 
diff"erential equations from the bilinear equations in Prop. 13. ll 

Theorem 3.2. Define the functions f„ = fn{a, s) and gn = gn(a, s) {n e Z//Z) by 

r, . cr„_i(a,5)cr„(a - 1,5) cr„„i(a - l,5)cr„(a + 1,5) 

/«(«, ^) = } : — ^ — } r, gr,ici, s) = — . (3.7) 

cr„_i(a - 1, s)o-„ia, s) cr„_i{a, s)o-n(a, s) 

Then these functions satisfy the system of ordinary differential equations 

S-T^ = (S(f„+i - fn) + a{gn - gn+l) + Ctn - 1) /n, (3.8a) 

ds 

-T = f"Sn - fn-lgn-i, (3.8b) 

ds 

where an = dn-i - 2dn + dn+i + 1. 
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Proof. To simplify an expression we write as cr„ = (T„(a + 1, i') and a;,, = cr„(a - l,s), while 
o'n = o-n(a, s), for brevity. It follows respectively from (|3.3I) and (13.41) that 

^^^^ ^ (3.9) 

sDs(Tn-\ • (Tn 
(Tn-lCTn 

Therefore the logarithmic derivative of fn reads 



agn - a - dn + dn-\. (3.10) 



1 d/„ (Tn-Y , Zn 9Ln-l CT,,' , , d 

= 1 , where = — 

/„ d* Cr„„i Oj, (Tn d5 

£in-\(^n £inCn+l 0'n-\(Tn O'nO'n+l 

_ r _ f , ^(g» - 8n+l)+ dn-l - 2J„ + 

S 

which is exactly (13. Sal) . Likewise we have 

J_d^ _ 1 • (Tn _ DsCTn-l " o'n _ r _-? 

J ~ — ~ Jn In- 

gn as g^n-lCTn 0-n-\(Tn 

If we take into account that (see (13.71) ) 



then we arrive at (|3.8bh . 



7„ = ^^^, (3.11) 



One can find that (13.81) possesses two conserved quantities 

e ( 
Wfn = l and Yj^n = i, (3.12) 

n=\ n=\ 

and thus it is essentially of 2{£ - l)th order. If = 2 it is indeed equivalent to the third Painleve 
equation Pm, which is obviously of second order, as demonstrated in the next subsection. For this 
reason we call (13.81) the Pm-chain. 



Remark 3.3. The Pnrchain has been investigated in a quite different manner by Adler et al. in the 
study of Darboux transformations of a sequence of Schrodinger operators with quadratic eigen- 
value dependence. It is closely related to the relativistic Toda lattice equation ([38]). See an 
excellent review article [4], which involves the case of other Painleve equations also. 

3.2 Example: two-periodic case and Pni 

Consider the case where £ = 2. Introduce the canonical variables q(s) and p(s) as 

0-02:1 ojiao 
q = fi = , P = -ajQgo = -a 5-. 
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Thus (13.81) is rewritten into the Hamiltonian system 

_dH dp _ dH 
As dp ' ds dq' 

with the Hamiltonian function H = H(q, p; s) defined by 

sH = q^p^ - i^sq^ - 2{a + do - d\)q - s^p - 2asq. 



This is identical to the Hamiltonian form of Pm; see 113611 . 

Alternatively, we can derive Pm more directly from the bilinear equations for r- functions. First 
we differentiate with respect to t the equation (|2.22al ) after shifting the variables jc to jc + [t]/2; thus, 
we have 

itD,,Ds, - 2tD,, + Ds) Tn (-^^ - y) • "^"+1 ^ y) ^ ^ ^) ' """^^ " ^) " ^' ^^'^^^ 

Applying change of variables (13.21) and ? = 1 together with the homogeneity (13.11) , we have from 
(l3TT3]) that 

1 2 \ 

—T> + (j' + 2a + dn^\ - dn - l)/)v + dn-^\ - dn (Tn{a - \,s) ■ (T„+i(a, s) 

s I 

+ iD + dn+i - dn) cr„(a, s) ■ cr„+i{a -l,s) = 0, (3.14) 

where the calligraphic symbol D stands for the Hirota diff"erential with respect to sd/ds. Note that 
(13.141 ) is still valid without requiring the two-periodicity. We are now interested in a second order 
diff"erential equation satisfied by the variable q = q{s). One can verify, only by using definition of 
the Hirota diff"erential, the formula 

d \^ 2)^crQ ■ CTi D^cTi ■ ctq ( Dctq ■ ctA^ I Da\ ■ ctq 



s-\ \ogq= ^ + ^ . (3.15) 

dsj 0-02:1 0-10:0 \ 0-00:1 / \ 0-10:0 

On the other hand, we see from (13.41 ) and (13.141 ) in view of o-„+2 = cr„ that 

5 1- - , = ^(l-<5r). 



0-00:1 \ q] 0-10:0 
£)Vo-(ri / , ,.1 



DVi • (To 



= 5 25 + 2a - 1 - (25 + 2a + 2(io - 2dx - 1)- 
\ ^ 

s (25 + 2a - 1 - (25 + 2a + 2d\ - 2dQ - \)q) 



0-12:0 

Substituting these into (|3.15l) . we finally arrive at 

^5^1 log<7 = s^^q^ - + 5|(2a + 2<ii - 2<io - 1)<? - (2a + 2Jo - 2Ji - 1)- 

which is equivalent to the standard form of Pm: 

,2 



^! = -(?) --?+-K+'«)+^«'--' (3.16) 

d5'^ ^ \d5/ 5 d5 5 ^ q 



where a = 2a + 2di - 2do - l,/3 = -2a + 2Ji - 2Jo -I- 1, and y = -6 = \. 
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Remark 3.4. To be more precise, the third Painleve equation should be divided into three types, 
i.e., D^^\ d''j \ and D''^\ from the viewpoint of space of initial conditions; see [[34l [39l . In this 
context our case (13.161) is classified as the -* type. Recall also that the D^'-* type is algebraically 
equivalent to the ^ one with special value of parameters; see ll52l . It still remains open how to 
derive the D^,^^ type from an integrable system such as the KP hierarchy. 

3.3 Afiine Weyl group symmetry 

Now we shall concern birational symmetries of the Pm-chain, (13.81) . Here, to be precise, a bira- 
tional transformation of the variables (/„, g„, s) is said to be a symmetry of the Pni-chain if it keeps 
the system invariant except changing the constant parameters (a, a„) involved. 

First, we consider a symmetry shifting the parameter a to a + 1 . Write as /„ = f„{a + l, s) while 
/„ = fn(a, s) and so on. Then we have (13.111) : /„ = fn-ign-\lgn, and 

_ o-n-\{a, s)(T„{a + 2, s) 



(Tn-lia + 1, s)(Tn{a + \,s) 



1 / /, cr«-l 



s log + a + J„ - dn-\ + 1 L where ' = — and using (13.41 



\ \ (T„ I I as 

s log + log h log + a + dn- dn-l + 1 



a + 1 \ \ cr„_2 cr„_i o-„ 

1 / (Tn-lCTn Cr„_2Cr„_i 0^n-2C«-l i . ^p,-^ a rr^ 

s — — s — 1- a + ffn-i , usmg (|3.3I) and (|3.4 



a+\ \ (Tn-xCTn (Tn-lCTn-l (Tn-lCTn-l 

This transformation (fn,gn) ^ {fn^ is birational and indeed keeps (13.81 ) invariant except shifting 
a to a + 1 . 

Next, we observe that the system (13.31) and (13.41) of bilinear equations is invariant under the 
transformation t : (cr„(a, 5), 5, a, J„) 1-^ (cr_„(-a, 5), -5, -a, (i_„). This trivial symmetry can be 
lifted to a birational symmetry of the Pnrchain. 

We shall now translate the Weyl group action (r, ) of type A, discussed in Sect |2.2[ into birational 
transformations of /„ and gn. For each i e Z/£Z, we have that 

T,_i(x - M)T,+i(x + [t]) = ^Ds,Ux) ■ Tiix), (3.17) 
Ti-i(x)Ti+i(x) = D^jix) ■ Ti{x), (3.18) 

which can be deduced from (I2.19al) by taking the variables as jc - jc' = 2\t\ and as x = x' , 



respectively. If we take account of the reduction condition (13.11) and (13. 2|) . we obtain 

aoj-{ai+i = (a,- - sD,) &i ■ cr,-, 

O-i-vO-M = D,&i ■ (Ti, 

and thereby 

ai&iaj = 5cr;_icr,+i + acTi-iai+i. 
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Namely we have 



ri(o-n) 



aiCTi 



CTn 



in = i), 
(n ^ i). 



It is easy to derive the associated transformation on (/„, g^). 

Finally, it is obvious that a cyclic permutation of the suffixes, n : (/„, g„, an) ^ (/„+i , gn+i , Q^n+i), 
preserves (13.81 ) invariant. 

Summarizing above we arrive at the 



Theorem 3.5. The Pui-chain (|3.8I) is invariant under birational transformations Ta, l, ri (i eZ/ -dZ), 
and n defined by 



Action on a, a,„ and s 



Action on 



Action on g„ 



a i-> a + 1 



fn ^ fn 



h- > 



a 1-^ -a, an ^ a-n, s i-^ 



fn ^ f-n 



+ 1 



-n+1 



at -Ui, 



ai+i ^ Ui+i + at 



sfi + agi+i 

fi+l ^ fi+l + 



^ gi + 



0!igi+i 



sfi + agj+i - aj 



sf + agi+i 
aigi+i 

gM ^ gi+i 

sf + ag 



i+i 



n an ^ an+i 



fn ^ fn+1 



I— > 



in+l 



Here fn = fn-ign-i/gn and gn = (s [fn - fn-i) + agn~i + an-i) /(a + 1). 

As indicated in Sect. 12. 2[ we see that (r, (i 6 Z/iZ)) provides a realization of an affine Weyl 
group of type A^'^p denoted by WiA'^^l^). In addition n realizes its rotational Dynkin automorphism. 
Note that the transformations r, and n have already appeared in flSj. These symmetries are clearly 
understood from the view point of the KP hierarchy. However, the nature of Ta and t seems 
mysterious from this point and, in the first place, it is still an open problem to determine the group 
of birational symmetries of the Pnrchain. 

Remark 3.6 (Toda equation). We shall derive a Toda equation satisfied by a sequence of r-functions 
associated with the translation symmetry Ta- First, it follows from (13.141) that 

O'n-l ' O'n , , ^ ^ , , DsCTn-i-CTn 

= dn-l - dn - {S + 2a + dn - dn-l - 1) 

S O-n-lCTn Cr„_iCr„ 



+ {dn-\ — dn) 



(Tn-lCTn T)(Tn-l ■ (Tn 



Cn-lO"n 



s + 2a - \ - {s + 2a + 2dn - 2dn-\ - l)fn fn 

Cn-lCn 



(3.19) 



by the use of (|3.3I) and (13.71) . Next, we express (13.31) in the form 

Dan-l ■ CTn (Tn-lZn 
= -S + S . 

By diff'erentiating this with respect to s, we have 

n-l ' CTn , ^ 

ds\ an-\0-n I \ (Tn-lCTn Zn-lZn 



(3.20) 
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Combining (13.191) with (13.201) . we obtain 



5 0-„_iCr„ ds \ cr„_icr„ 



= 5 + 2a - (5 + 2a + 2J„ - 2J„_i)/„ 



= 2a - 2ay;,^„ + s{fn - if 
via (|3.3I) and (13.41) . Hence, if we remember (13.91) . then we find that 

1 D^CTn ■ (T„ 12) £;„_! ■ (T „ d ( ^Do^n-l ' C,, \ 1 / 
S (Tn^ S g\-i<T„ ds \ an-iCTn j S \ ^n-iCTn 

= 2a - 2a/„^„ 
= 2a - 2a —. 

Thus, we finally arrive at the Toda equation: 

^D^cTn ■ o-„ = o-„^ - o-„an. (3.21) 
2a5 ~ 

Recall that for the case £ = 2 (Pm) such a differential-difference equation of Toda-type has been 
studied in [[361 . 

3.4 Rational solutions in terms of Schur functions 

As previously seen in Sect. 13. 1[ the Pni-chain is by nature equivalent to a similarity reduction 
of the mKP hierarchy. Also, the mKP hierarchy admits the Schur functions as its homogeneous 
polynomial solutions; see Example [231 Consequently we can construct a particular solution of the 
Pni-chain in terms of the Schur function. 

To state the result precisely, we first recall some terminology. A subset m c Z is said to be a 
Maya diagramii i e m (for i «; 0) and / ^ ni (for z » 0). Each Maya diagram m = {. . . , ma, m2, m\} 
(m,+i < nii) corresponds to a unique partition A = (/li, /I2, . ■ .) such that m,- - m;+i = Aj - Ai+i + 1. 
For a sequence of integers v = (vi, V2, . . . , Vf) e Z^, we associate a Maya diagram 

m(v) = (^Z<,, + 1) U (a^y^ + 2) U ■ • ■ U («<,, + £), 

and denote by A{v) its corresponding partition. Note that A{v + 1) = A(v) where 1 = (1, 1, ... , 1). 
We call a partition of the form A(v) an i-core partition. A partition A is ^-core if and only if A has 
no hook with length of a multiple of I. For example, ii i = 3 and v = (2, 0, 3) then the resulting 
partition reads A{v) = (4, 2, 1, 1). Next, we prepare a cyclic chain of the Schur functions attached 
to i-coxQ partitions that is connected by successive action of vertex operators. 

Lemma 3.7. It holds that 

^^y.-lvl^* A{v(i-\)){x) = ±S A{v(i))(x) 

i e-i 

for arbitrary v = (vi, V2, . . . , Vc) e ll, where v{i) = v + (l, . . . , 1, 0, . . . , 0) and lv| = Vi -l-V2H i-v^. 
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Finally, we are led to the following expression of rational solutions of the Pm-chain in terms 
of the Schur functions attached to the ^-core partitions. 



Theorem 3.8. For any v e Z^, let 

2 3 4 



a a a 

(T nia, S) = S A{v(n)) I + • 



Then (Tn{a, s) solve the system of bilinear equations (|3.3I) and (13.41) when d„+i - d„ = tvn+i - |v|. 
Consequently, the li-tuple of functions 

j.^ _ (Tn-lja, s)0-n(a -1,S) ^ _ (Tn~\ia - 1, s)(Tnia + 1, s) 

o-n-lia- \,s)crn{a,sy " an-i{a, s)crn{a, s) 

gives a rational solution of the Pm-chain, (13.81) . with the parameters Qf„ = ^(v„+i - v„) + 1. 

Remark 3.9. For the case i = 2 {Pm) the above rational solution has been studied in a different 
way; cf. IfTTl. 



Example 3.10. Consider the polynomial 



R^ia, s) 



( \ 

I a a a 



V(!,7)e/! 

for a partition X = (/li, /I2, • • where h(i, j) denotes the hook-length, h{i, j) = Ai + ^iy - i - j + 1, 
with being the transpose (or conjugate) of A. Interestingly enough, i?i(a, s) comes out to be a 
polynomial with integer coefficients and monic with respect to both s and a. We give below some 
examples of 7?^(a, s) of small degree: 



Rq 


= 1, 


Ra = 


s + a, R^ = s^ + las + a(a + 1), 


Rrm 


=s' 


+ 3a/ 


+ 3a{a + l)s + a{a + l)(a + 2), 


% 


=s' 


+ 3as^ 


+ lia^s + {a - l)a{a + 1), 


■^1 1 1 1 1 


=/ 


+ 4as^ 


+ 6a{a + 1)/ + Aa{a + l)(a + 2)s + a{a + l)(a + 2)(a + 3), 


R^ 


=/ 


+ 4as^ 


+ 2a(3a + 1)/ + Aa^{a + l)^' + (a - \)a{a + l)(a + 2), 




=/ 


+ 4as^ 


+ 6a^/ + 4(a - \)a{a + \)s + {a- \)a^{a + 1). 



This polynomial can be regarded as a generalization of the Umemura polynomial associated with 

Pm, cf. m. 



3.5 Lax formalism 

We introduce the wave function: 

^,(x,fc) = ^"^-^~/f'^^ .^(--^), (3.22) 

which is a function in jc = {x\,X2, ■ ■ ■) equipped with an additional parameter k (the spectral vari- 
able). In terms of the wave functions, the linear equations associated with the (modified) KP 



21 



hierarchy can be generated from the bilinear identities (recall (12.121) and also Sect. 12.31) in a stan- 
dard manner; cf. |l6l|271. In what follows, we show that these linear equations naturally induce an 
auxiliary linear problem, through the similarity reduction, whose integrability condition amounts 
to the Pin-chain (Lax formalism). 

We first prepare a key lemma below. 

Lemma 3.11. IfTn = t„(jc) obeys the homogeneity Etu = dnT„. Then it holds that 

E-k^ilf, = Q. (3.23) 
Proof. The homogeneity tells us that {E - kd/dk) t„(jc - [k'^]) = dnTn{x - \kr^]). Therefore, 

\ dkj Tnix) 

Combining this with the formula {E - kd/dk) e^^^-'^^ = 0, we conclude (13.231) . □ 



Now we set 

(pn(a, s, k) = ipnix, k) 
under the reduction conditions (13.11 ) and (13.21 ). 

Lemma 3.12. The wave functions 0„ = ^„(a) = 4>n{a, s, k) satisfy the following linear equations: 

d a + dn+i — dn — agn+i 

—(pn{a) = (pn{a) + k(pn+x{a), (3.24) 

OS s 

(pnia - 1) = fn+iMa) - kcpn+lia), (3.25) 
d d \ 

k— - 5— 0„(a) = a{gn+i - l)4>n{a) + akgn+i4>n+i(a + 1). (3.26) 
ok OS I 

Proof We shall deduce (1X241) . (Il25]) . and (Il26l) respectively from (I2.22al) . (I2.22cb . and (I2.22dl) 
in Lemma 12771 First, it follows from (|2.22al) with t replaced by 1 /k that 

d ( Tnix - [r'])\ ^ / D_rJ„ix) ■ T„+i(x) ^ \ T„(x - [fe"']) ^ T„+i(x - [fc"']) ^ ^ 



dXi \ Tn(x) I \ r„(x)T„+i(x) / Tn(x) T„+i(x) 

i.e., 

— -h i/r„ - ki//n+i = 0. (3.27) 

OX[ T„Tn+i 

Remembering (13.51) : = d/ds, we see that 



+ (pn - k(pn+\ = U, 

ds o-nCr„+i 



which implies (13.241) through (13.101) . 

Next, (|2.22cl) with s replaced by 1 /k shows that 



if/„(x - [tlk) = — -— —if/„(x,k) - tkil/„^i(x,k), 

Tn(X - [t])Tn+l(x) 
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which thus yields 



o-„(a,s)o-n+i{a- l,s) 
(f>n{a - 1) = —7- — 7- — 7— 70„(a) - k(pn+\{a) 



CTnia - l,s)o-n+iia,s) 

under (IX2l) and ? = 1. By (1X71) it is immediate to obtain (13.251) . 
Finally, it follows from (|2.22dl) with s replaced hy l/k that 

6,if/n(x,k) + — -—i^n{x,k) - tk — — (A„+i(x + [t],k) = 0. (3.28) 

T„ix)Tn+i(x) T„(x)t„+i(x) 

Consider the substitution (|3.2I) and t = I. Applying Lemma [3 . 1 1 1 to gether with (13.61) . we find that 



1 



d 



ds 



1 /. d 



6,il/„(x, k) = - \E - s—\(f)„ = - \ k— - s— (pn 



d 



a\ dk ds 



Similarly we know that 



o-„+i a 



Dg (Tn ■ (Tn+\ CT „ 1/ 8 , „ 

= 6i log - — = T I £ - I log — 



1 



5 



-\d„-dn+i - ■^^|log 



using (|37T 



= l-^„+i, using (13J0D. 
If we put it all together, we then obtain (13.261) from (13.281) . 

The linear equations (|3.25l) can be solved for 0„(a) by virtue of the ^-periodicity; i.e.. 



(pn+hi(a - 1). 



Note here that the suffix n should be regarded suitably as an element of Z/£Z. If we shift a to a + 1, 
this expression takes the form 



0„(a+i)=y4^i:^-^[n=^ 



7=1 V '=1 fn+i J 

1 1 



(f>n+i-i{a) 



l,=l Jn+i-\\ 



(3.29) 



Here recall the abbreviated notation := /„(a +1,5) and the contiguity relation (|3.1 II) . 

We are now ready to present a system of linear difl'erential equations for the wave functions 
0n = 0«(^?5 k) (n e Z/^Z), from which the Pni-chain (13.81 ) emerges as its compatibility condition. 
First, eliminating dcp^/ds and 0„(a + 1) from (13.261 ) by (13.241 ) and (13.291 ). we obtain the linear 
differential equation with respect to the spectral variable k: 



d a ^ f ^ 1 ' 

k-Qp,'Pn = (dn+l - dn)(f>n + sk(pn+l + ^ _ ^ k^gn+j+l Y\ 'T~ 

j=\ \ i=\ J 



4>n 



+J- 



(3.30) 
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This has £+ 1 regular singularities at ^ = 0, exp (in V-T«/^) (n 6 Z/^Z) and an irregular singularity 
at = oo whose Poincare rank equals one. This expression is, however, redundant in some sense; 
i.e., we can reduce the number of singularities appropriately by changing the variables. Let 

O = ^(00,^01, •■■,^^^V^-i) and z = k^. 
Then (13.301) is converted to the equation 

/ An A, \ 



/ An Ai 

— =AO= C + — + 



dz 



z-1 



(3.31) 



where the £ x£ matrices C, Aq, and Ai are given as follows: 

O] 



C = 



( eo s/£ 

ei sit 



ec-2 sl£ 
ee-i ) 



r Vo,l Vo,2 
Vi2 



+ 



V0/-1 
V1/-1 



V(. 



2/-1 







with 



^1 - ~iVi,j)()<i,j<e-\ 

dn+\ - dn + n 



and V 



for < n < 1 and 1 < j <t. Note that we read appropriately the suffixes of dependent variables 
fi, gi, and Vjj modulo £. Hence (13.311) has regular singularities at z = 0, 1 and an irregular singular- 
ity at z = oo. To be more precise, the exponents at z = and z = 1 turn out to be (eo, ei, . . . , e^-i) 
and (-a, 0, . . . , 0), which equal by definition the eigenvalues of Aq and Ai, respectively. The latter 
can be computed in the following manner. Let / and g be the row vectors defined by 



/ 



g = 



^ 1 

\ i=l J i+l ) 



^ 1 1 



1 



0<7<f-l 



g} 



+ 1 W 



fl flfl, flf^ ' " ft' 



Q<j<e-i 



We observe that ^^-J = -{£/a)Ai and f-^g = gi+g2-^ ^ge = ^via (|3.12l) . thereby, the exponents 

at z = 1 are evaluated as (-a, 0, . . . , 0). Further, we say z = oo to be an irregular singularity of 
Poincare rank 1 /■£ in the sense that (|3.31l) has a formal matrix solution of the form 



S = diag(l,z'^z2^...,z^^-')/^)-(r^) 
near z = oo, where 



o<ij<e-i 



i=l 



-ill 



Jiz) 



T{z) = -diag (l, ^, . . . , ^'-') sz'l' - - logz 
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and ^ denotes a primitive £th root of unity. Although the series S is in general divergent, it ex- 
presses the asymptotic behavior of an actual solution in some sectorial domain around z = oo. We 
refer to [fT?l for the general theory of solutions around an irregular singularity. 

On the other hand, we obtain from (13.241) the linear differential equation with respect to s: 



d 

— O = 50 = 
ds 



^ uo 1 

Ml 



Ue-2 1 



+ z 



[ 1 



(3.32) 



where u„ = (a + d„+i - dn - ag„+i)/s. 

In the context of monodromy preserving deformations, (13.321 ) governs a deformation of (13.311) 
along a parameter s with keeping its monodromy matrices and Stokes multipliers invariant. Finally, 
we give an alternative characterization of the Pni-chain as a compatibility condition of the linear 
problem. 



Theorem 3.13 (Lax representation). The integrability condition 





B, A 

OS oz 



of the system (|3.31l) and (|3.32l) is equivalent to the Pm-chain, (13.81) . 



Remark 3.14. If ^ = 2, the system (13.311) and (13.321) is equivalent to the Lax pair for Pm that was 
recently found in a moduli-theoretical approach [|37l (see also [,33J ). 



4 From KP hierarchy to Painleve IV/V chain 

In this section we demonstrate a similarity reduction from the ^-periodic mKP hierarchy (£ > 3) 
to the higher order Painleve equation /'(A^.'^^) or, equivalently, the Darboux chain with period £, 
which coincides with the fourth and fifth Painleve equations when £ = 3 and £ = 4, respectively; 

cf. m. 

4.1 Similarity reduction 

Fix an integer £ > 3. Let t„{x) be a solution of the mKP hierarchy, (|2.12l) or (|2.21l) . Suppose 
it fulfills the following three conditions: (i) homogeneity ETn = d„T„ {d„ 6 C); (ii) /'-periodicity 
Tn+e = Tn\ (ill) Specialization x„ = (n 4^ 1,2). Note here that this specialization is intended to 
eliminate all time evolutions except the first two. In view of (i), we can take X2 to be a constant 
without loss of generality. For instance, we fix 

1 

x\=x, X2 = --, and x„ = (n > 3). (4.1) 
Under the above constraints, we set cr„(x) = r„(jc). 
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Proposition 4.1. It holds that 

(p^^ + xD^ + J„+i - J„) cr„ • o-„+i = 0. 
Proof. We know from (|4.1I) that 

= — and = X E. 

dx\ diX dx2 dx 

Thus we deduce (|4.2I) immediately from (|2.27|) . 

Let us consider an ^-tuple of functions w„ = w„(x) (n 6 Z/£Z) defined by 



w„ = - + 



By virtue of Prop. 14.11 we have then the 
Theorem 4.2. It holds that 



(4.2) 



(4.3) 



□ 



(4.4) 



— (Wn + W„-i) = Wn - Wn-\^ + (« 6 Z/^Z) 

ax 



where an = - 2J„ + + 1. 



(4.5) 



The sequence (14.51) of ordinary differential equations with quadratic nonlinearity is known as 
the Darboux chain (with period i). It emerged originally from the spectral theory of Schrodinger 
operators in connection with Darboux transformations. Moreover it provides a higher order gen- 
eralization of Piv and Py which correspond to the cases £ = 3 and 4, respectively. For details to 

lllEl. 



Remark 4.3. If we consider the change of variables as (cf. [45]) 



/„ = Wn + Wn-l = X + 



DxC n-l • 0"n+l 
O'n-lCn+l 



then the Darboux chain (14.51) takes the following expression: 
(i) if^ = 2^+l(^= 1,2,...), 



fn+2i-l ~ fn+2i 



\ i=l 



+ OLn\ 



(ii) if^ = 2^ + 2(^= 1,2,...), 



^^"^2,.!) • 2 dx " ^" 



+ 



^ fn+2i-\fn+2j — ^ fn+2ifn+2j+l 
l<i<j<g i<'<j<g 



v2 



/n+2i- 



!=1 



This is called the higher order Painleve equation of type A^^}. ; see [|30ll 
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4.2 Affine Weyl group symmetry 



Our goal here is to lift the Weyl group symmetry of the homogeneous r-sequence (see Sect. 12.21) 
to the level of birational transformations of the Darboux chain (|4.5I) . 

First we prepare some relevant formulae, which will be used in Sect. |5] (Pu case) too. In a 
similar manner as Sect. 12. 3[ we can rewrite (I2.19al) equivalently into 



Ti-i{X + u)Ti+i(X -u) = Goifiix), Ti(x); u). 



(4.6) 



where t, = r,(T,). Regarding the right hand side, refer to (|2.25l) . Let us consider the Taylor 
expansion of (|4.6I) in m = {u\, U2, ■ . .). Taking the coefficients of 1(= h°), ui, U2, and ui^ thus yield 
the formulae 



Dxji ■ Tj-Ti-iTi+i = 0, 

D^^fi ■ Ti + D^ji_i ■ Ti+i = 0, 



(4.7a) 
(4.7b) 

(4.7c) 

(4.7d) 



respectively. Also we recall that r;(T„) = t„ (n + i). 

Now, if we apply the reduction conditions under consideration, then we verify from (I4.7al) and 
(I4.7bl) that 



Dy,&i ■ (Ti = CTi-iCTi+i, 

aid-iO-i = (At + x) (Ti-x ■ (Ti^i 



(4.8) 
(4.9) 



with a,- = di - di = di- 1 - 2di + di+i + \. It is easy to see from (14.41 ) that r,- should keep Wn (n 
invariant. The computation of r,(w;) reads as 



X D^(Ti ■ (Ti+i 

niwi) = - + — 

2 (TiCTi+i 



Wi + 



(TiCTi 



= Wi + 
= Wi + 



aiCTi-iO-i+i 



(D, + X) (Ti^i ■ (Ti+i ' 

ab- 



using (14^81) and (14^9 



Wi-i + Wi 

Similarly we find that r,(w,_i) = - Qf,7(w;-i + w,)- Moreover, a cyclic permutation of the 



suffices n : (cr„, d„) i-^ (cr„+i, (i„+i) keeps the bilinear form (14.21) invariant and so does an inversion 
i : (cTn, d„, x) 1-^ (cr_„, d-n, V--T.x:j. It is again easy to lift n and t to birational symmetries of (|4.5I) . 
Summarizing above, we have the 



Theorem 4.4. The Darboux chain (|4.5I) is invariant under birational transformations r,- {i eZ/ fZ), 
n, and l defined by 





Action on a„ and x 


Action on w„ 




Qi ^ -Qi, 

«,±i 1-^ ai±\ + or,- 


ai 

Wi-l ^ Wi-i , 

Wi-i + Wi 
(X- 

Wi Wi ^ ^ 

W,-_l + Wi 


n 


an ^ a„+i 


Wn ^ Wn^x 


L 




Wn ^ 
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Note that birational mappings (r,(z e Z/^Z)) define a realization of affine Weyl group V7(A^'j*j). 
Additionally, n and t realize respectively a rotation and an inversion of its Dynkin diagram. 

4.3 Lax formalism 

Introduce a function p„{x,k) = X"^(fc)T„(jc) = t„(x - [k~^])e^^^'''\ In order to construct linear 
diff"erential equations satisfied by the wave function ij/n{x,k) = pn(x,k)/Tnix), let us first prepare 
some useful formulae. It follows from (|2.20l) multiplied by 1 X'^{k) that 

kT„ Op„+i + XrT„+i (g)X|p„ = 0. (4.10) 

Therefore, we find that (recall (|2.25l) ) 

kT„(x + u)pn+\{x -u,k) + Go(Tn+i(x),p„(x, k); u) = 0. 
The coeflicients of 1(= h°), Uu U2, and Ui - in the above equation show respectively that 

kTnPn+\ + DxjT„+\ ■ p„ = 0, 
kDjc^Tn • Pn+\ — DxjTfi-^i ■ p„ = 0, 

'ikD^^Tn ■ Pn+l - (Dxi^ + 2D_,^)t„+i ■ p„ = 0, 

3kD^^h„ -pn+l- (Avi^ - 4^,3) T„+i -pn = 0. 

Hence we have the following linear diff"erential equations for 



dll/n _ Dxjn+l ■ T„ 
dX\ Tn+lTn 



ij/n + kij/n+i, (4.11a) 



if/„ + k— + r(A„+2, (4.1 lb) 



9^2 Tn+lTn Tn+lTn 

dllJn 1 T„+i • T„ k (Dx, ' + ) T„+2 ' T„ 



+1 



+ " > „^2 + fcV«+3- (4.11c) 

Note that it is possible to express difj,jdxa as a linear sum of . . . , for general a e Z>o. 

Now we require the homogeneity condition Et„ = dnT„ and set 

^„(x, k) = ipniix, -1/2, 0, 0, . . .), k). 

In view of Lemma B.l H and (14.31) . we deduce from (14.1 lal ) and (|4.11b| ) the following 

Lemma 4.5. The wave functions (pn = (t>n{x, k) satisfy the following linear differential equations: 

d 2 

k^<Pn = (dn+\ - dn)^n + k(w„ + W„+i)0„+i - k <pn+2, (4.12) 

ok 

^(pn = [^-Wn'jcpn + k(()n+l- (4.13) 
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The linear differential equation (14.121 ) with respect to the spectral variable k has a regular sin- 
gularity at ^ = and an irregular singularity (of Poincare rank two) dXk = oo. While the latter 
(14.131 ) describes the monodromy preserving deformation of the former (14.121 ). We shall slightly 
modify this system. Let O = ^ (^<po, k(py, . . ., k^'^cpi^-^ and z = k'^ ■ Then (|4.12|) is converted to the 
ix£ matrix equation 



— =AO 

oz 



where 



C 



C + — 

z 



0\ 



(4.14) 



-1 

ho 



-1 

h -1 

62 



-1 

ec-i ) 



with en = {dn+i - dn + n)/£ and /z„ = (w„ + Wn-i)/i. Note that the two singularities of (14.141) are 
z = (regular singularity) and z = oo (irregular singularity of Poincare rank 2/£). On the other 
hand, the deformation equation (14.131) becomes 



— = 50 = 

dx 



2 



-Wo 1 





f 






+ z 








) 


. 1 


) 


) 



(4.15) 



We can recover the Darboux chain (14.51) . as well as the case of Pm-chain (Sect. |3]), from the 



integrability condition [^J^-5,^-A =0. 



5 From KP hierarchy to Painleve II equation 

In this section we briefly review the derivation of the second Painleve equation from the two- 
periodic mKP hierarchy, i.e., mKdV hierarchy, through a similarity reduction; cf. UJ. 



5.1 Similarity reduction 

Let T„(jc) be a solution of the mKP hierarchy, (|2.12l) or (|2.21l) . satisfying the following conditions: 
(i) homogeneity Et„ = d„T„ {dn e C); (ii) two-periodicity t„+2 = t„; (iii) specialization Xn = 
(n 1,3). We see that this specialization is meant to eliminate all time evolutions except the first 
nontrivial two. No generality is lost by taking 

4 

xi = X, X3 = --, and Xn = (n^l,3). (5.1) 

Set (Tn(x) = T„{X). 
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q = — T-z — ' /n = o z — 2 • ^^-^^ 



Proposition 5.1. A pair of functions cr„ = cr„(A:) {n 6 XjlX) satisfies 

DM, ■ cr„+i = 0, (5.2) 
(d,^ - xD^ + dn- dn+i)(Tn ■ cr„+i = 0. (5.3) 

Proof Notice by dSJ]) that 

^ d ^ ci 

— = — and A— = x—-E. (5.4) 

ox I ax 0x3 ax 

It is immediate to verify (15.21) and (15.31) from (12.271) and (|2.28l) . respectively. □ 
Define functions q = q(x) and /„ = fnix) {n e Z/2Z) as 

' Jn ~ „. 

CToCTi 2 cr„+i 

Let an = d„^i - 2d„ + d„+i + 1. Due to Prop. I5.1| we then arrive at the 
Theorem 5.2. It holds that 

dq fo-fi d/o ao d/i «i 

di = — ' d7 = '^°^^T' d7 = -'^^^^y' ^'-^^ 

and /o + /i - 2^^ = x. 

Let /> = /o. Then (15.61) is converted to the Hamiltonian system 

dq dH , dp dH ■ ^ rr ( 2 ^\ Q^o<? 

which is equivalent to the second Painleve equation Pn: 

o 3 , , Q'o - 1 

5.2 Affine Weyl group symmetry 

First, it is clear that the permutation ctq <Ti simultaneous with do di leaves the bilinear 
form (15.21 ) and (15.31 ) of Pn invariant. As a consequence we obtain a birational symmetry n : 
(^,/o,/bao,ffi) 1-^ (-<?,/i,/o,ffi,ao). 

The next task is to realize the action of r\, given in Sect 12. 2[ as a birational symmetry of Pn. 
Applying the reduction conditions to the formulae (|4.7al) . (|4.7cl) . and (|4.7dl) . we thus observe that 

D.vO-i ■ cTi = c^o^ (5.7) 
aiCTiCTi = (^-2D/ + x^o-q ■ ctq. (5.8) 
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Since /i and /o + /i - 2^^(= x) are unchanged under ri, it is enough to compute only ri{q). We 
have 

'"!(<?) = =q + =q using dlTJ) 



(Tio-i 



(TiCTi 



= q- 
= q 



using (153 



(-2D/ + x)cro-o-o' 

The action of ro is obtained as a composition nrin~^ . The result is summarized in the 
Theorem 5.3. Pw is invariant under birational transformations r, (/ = 0, 1) and n defined by 





Action on a„ 


Action on q 


Action on yj, 


ro 


iao,ai) 1-^ (-aQ,ai + laa) 


ao 

q^ q + :rr 


/o 2/o 


ri 


iao,ai) 1-^ (ao + 2au-ai) 


ai 

q^ q-irr 




n 


ao CKi 


q\-^ -q 


/() ^ /l 



It can be verified straightforwardly that birational mappings (ro, r\,n) certainly fulfill the fun- 
damental relations, r,^ = jf- = \ and rQn = nri, of affine Weyl group W^(Aj^^), where n corresponds 
to the diagram automorphism. 



5.3 Lax formalism 



The homogeneity fir,, = J„t„ implies that (E - kd/dk)if/n(x,k) = 0; see Lemma [3.11[ Let 
(j)„{x,k) = 0,-3/4, 0,0, . . .),k). By virtue of the two-periodicity t„+2 = r„ and (15.41) . the 

lemma below is immediate from (14.1 lal) and (|4.1 Icl) . 

Lemma 5.4. The wave functions (p„ = (pn(x, k) (n e Z/2Z) satisfy the following linear equations: 



d 2 3 

k^4>n = idn+i - d„)(pn + 2kfn+i^„+i + 4{-l)"k q(p„ - Ak (pn+\, 
ok 

Q 

—(pn = (-lT''^q(f)n+k(f)n+l. 

ox 



(5.9) 
(5.10) 



In fact, the above linear system (15.91) and (|5.10l) coincides with the Lax pair found by Flaschka 
and Newell [8J. We shall slightly modify it by taking O = ^(^o^ kcpi) and z = k^. Thus we have 



f--(i(o"f;H/:-tH-ro 



— = BQ> = 

ox 



(5.11) 
(5.12) 



where eo = {di - do)/2 and ei = {do - di + l)/2. The two singularities of (15.111) are z = (regular 
singularity) and z = oo (irregular singularity of Poincare rank 3/2). The latter (|5.12l) represents the 
monodromy preserving deformation of the former (15.111) . Again one can derive Pu, (15.61) . from the 



integrability condition - 5, ^ - A 



= of the system. 
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6 UC hierarchy 



In this section we review the UC hierarchy, which is an extension of the KP hierarchy proposed in 
[|46ll. We also present some functional equations arising from the UC hierarchy as preliminaries to 
the following two sections. 



6.1 Universal character and UC hierarchy 

For a pair of partitions A and /i, the universal character = S[A,ii]{x,y) is a polynomial in 

X = {xi, X2, . . .) and j = (jj , y2, . . .) defined by the twisted Jacobi-Trudi formula (see [|2T]| ): 

S,,,ix,y) = det( ^----5^' i : t • . , . . ) (6-1) 



\<iJ<M' 



with / = 1{A) and I' = l{p). If we count the degree of variables as degx„ = n and degy,, = -n, then 
is homogeneous of degree \A\ - |yu|; i.e., = {\A\ - Here, we henceforth let E 

denote the Euler operator given as 



Note that the Schur function 5 ^ is a special case of the universal character: S ^(jc) = det(/)^,_,+j(jc)) = 
Let us introduce the vertex operators 



The operators Xf (z e Z) then satisfy the fermionic relations: XfX^ + Xji^X* j = and X]^X~. + 
Xj^jX^ti = ^r+;,o. The same relations hold also for Yf, of course. Interestingly enough, Xf and 
mutually commute. By means of these operators, the universal character admits the following 
expression (cf. (|2.4I) ): 

5[,,,](x,j) = x;,...x;y;^...y;„.i. (6.2) 

Now we are ready to formulate the UC hierarchy. 

Definition 6.1. For an unknown function r = t(jc, j), the system of bilinear relations 

2 XTt®X]t= Yj Y7t®Y]t = (6.3) 

is called the C/C hierarchy. 

If T = t(jc,3') does not depend onj = {y\,y2, ■ ■ •), then the latter equality of (16. 3h trivially holds 
and the former is reduced to the bilinear expression (12.51) of the KP hierarchy. From this aspect the 
UC hierarchy is literally an extension of the KP hierarchy. Moreover, as shown in ll46l the totality 
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of solutions of (16.31) forms a direct-product of two Sato Grassmannians and, in particular, the set 
of homogeneous polynomial solutions is equal to that of the universal characters. 
It is obvious that (16.31) can be rewritten into the form 

— e«^-^'^MzT(x' + [z-'],y' + [z])rix - [z-'ly - [z]) = 0, (6.4a) 

— K= Se^^-y''''MwT(x' + [w],y' + [w'^])Tix - [w],y - [w~^]) = (6.4b) 
2n^^-iJ 

for arbitrary jc, y, x', and y'. Let us try to write down a Hirota differential equation naively after 
the case of the KP hierarchy; cf. Sect. 12.31 Namely, consider the Taylor expansion of (|6.4a| ) at 
{x' = x,y' = y}, i.e., replace (jc', jc, j',^) with (jc + h,jc - u,y + v,y - v) and then expand with 
respect to («, v) = {ui,U2, . . . , vi, V2, . . .). Hence we obtain 

^ Pi(-2u)p_j(du)pk(dy)T(x + u,y + v)t(x - u,y - v) = 0. 
Taking the coefficient of 1 = h^v", for example, leads to 

oo 

J]pi+i(D,)pi(Dy)T-T = 0. 

i=Q 

Unfortunately, every differential equation with respect to jc and y contained in the UC hierarchy is 
of infinite order as well as the above one. This fact reflects that the integrand of (|6.4a|) with jc' = jc 
and y' = y may be singular not only at z = but also at z = oo, unlike the case of the KP hierarchy; 
cf. (12.61) . But, however, it is possible to derive a closed functional equation from the UC hierarchy, 
(|6.3I) or (|6.4I) . by a certain appropriate choice of parameters jc, y, jc', and y'; see Sect. 16. 21 below. 

It is also known that if t = t(jc,3') is a solution of (16.31 ). then so are X^{a)T and Y'^(J3)t for 
arbitrary constants a,/3 eC^. Now we are interested in the bilinear relations among the contiguous 
solutions connected by the vertex operators. For the UC hierarchy, a counterpart of the modified 
KP hierarchy (cf. Definition. 12.31) is introduced as follows: 

Definition 6.2. Suppose t„, „ = Tm,n(x,y) to be a solution of the UC hierarchy. Let 

for arbitrary constants afn,/3n 6 C^- The whole set of functional equations satisfied by rm,„'s are 
called the modified UC hierarchy or, shortly, rnlJC hierarchy. 

Example 6.3. The mUC hierarchy includes the bilinear equations 

^ Tm,n ® X|t„,+ i_„ = ^ Y^ Tm,„ <S) FJt,„+i_„ = 0, (6.5) 
i+i=-2 i+j=-l 

Tm,n <S>Tm+l,«+l ~ ^ ^m+l,n ®XjT„, „+i = ^ Yj Tm+\,n ® YjTm,n+i = 0. (6.6) 
1+7=0 i+j=-2 

Here the former and the latter can be deduced from (16.31) by applying 1 (S> X'^{a,n) and X"^(a„,) ® 
Y^iPn), respectively. 



33 



Next we construct a sequence of homogeneous solutions of the UC hierarchy, which is crucial 
to reach for Painleve equations. The argument will be proceeded along a parallel way with the 
case of the KP hierarchy; cf. Sect. 12.21 Let us first introduce partial differential operators Vx{c) 
and Vyic) equipped with a constant parameter c 6 C, defined by 



Vxic) = I X^(k)k-'-^dk and Vy{c) = I Y^ik~')k'-'dk, 

where the path y is again taken as well as Sect. 12.21 Let t be a solution of the UC hierarchy, 
(|6.3I) . Then one can verify that both Vx(c)t and Vy{c)t solve (|6.3I) : moreover, they satisfy the mUC 
hierarchy. 

Lemma 6.4. It holds that [E, Vx(c)] = cVx{c) and [E, Vy(c)] = -cVyic). 

This lemma guarantees that Vx and Vy preserve the homogeneity. Suppose to,o to be a solution 
of the UC hierarchy (16.31) satisfying Eto^o = '^o,o'^o,o. Define a sequence {to,o, Ti^q^ ^oa^ '''i,!^ ■ • ■} 
recursively by t^+i,„ = Vx(c,„)T^^n and r^,„+i = yF(c;,)T^,„ for arbitrary c^, e C given. Then t,„,„ 
becomes a solution of the mUC hierarchy still satisfying the homogeneity ETm,n = dm,nTm,n, where 
dm+i,n = d,n,n + Cm and dm,n+i = dm,n - c'n\ thereby, the balancing condition 

dm,n "I" dm+l,n+l — ^m,«+l "I" d^+l^n (6.7) 

is fulfilled. Though we do not enter into details, we can find a mutually commuting pair of Weyl 
group actions of type A on this homogeneous r-sequence; see [i51il . 

Remark 6.5. Let us demonstrate one alternative to derive (16.71) . Suppose Tm,,, to be a homogeneous 
solution of the mUC hierarchy. Therefore we have r^,,, = c^'^'""Tm,„(cJCi, c^X2, . . . , c~^yi,c~^y2, ■ ■ ■) 
for some <i,„ „ 6 C and arbitrary c 6 C^. Substituting this into (16.61) . we thus obtain (16.71) as a 
necessary condition. 

Example 6.6 (A sequence of universal characters). If we take c = n to be an integer and y a 
positively oriented small circle around = 0, it follows that Vx{n) = 2;rV-Tx^| and Vyin) = 
In^T-lY^. Hence, starting from a trivial solution r = 1 of the UC hierarchy, we can construct 
via (16.21) a homogeneous r-sequence in terms of the universal characters. This type of polynomial 
solutions of the (modified) UC hierarchy gives rise to rational or algebraic solutions of Painleve 
equations through the similarity reduction; cf. iHTlffSll . 

6.2 Preliminaries for Sects. |7] and [8]: difference/differential equations inside 
mUC hierarchy 

Let 6t and 6t denote the vector fields 

hereafter. For a vector field v, let Dy stand for its corresponding Hirota difl'erential. We first 
summarize some difl'erence and/or differential equations arising from the mUC hierarchy. 
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Lemma 6.7. The following functional equations hold: 

(t - s)T,„^nix - [t] - [s],y - [t~^] - [s~^])r,n+i,n+i(x,y) 
- ?T™,„+i(x - [t],y - [r'])T„,+i,„(x - [s],y - [s'^]) 

+ ST,„^n+i(x - [s],y - [s~^])r,n+ijx - [t],y - [r']) = 0, (6.9) 

'^m+l.niX, y) 

+ Tm,niX - [tly - [t~^])r,n+l,n+l(X + [t],y + [r^]) = 0, (6.10) 

+ -^T,n,„{x - [t],y - [r'])r„+i,„(x + [t] - [s],y + [r^] - [s~^]) = 0. (6.11) 
t - s 

We refer the reader to [|5T| where a more general class of functional relations of the UC hierar- 
chy including the above is established. See also [|49l Appendix] regarding (16.91) . We mention that 
the first two equations and the last are originated from (16.61 ) and (16.51 ). respectively. Furthermore, 
if we differentiate (|6.10l) with respect to t, then we get 

DsTm^n+l(X,y) • Tm+l,n(X,y) 

- Ds,T„r,n{x - [t],y - [r^]) • T„,+i,„+i(x + [t],y + [r^]) = 0. (6.12) 

Such bilinear relations as (I6.9I )- (I6.12| ) generate the auxiliary system of linear equations as- 
sociated with the UC hierarchy. Let us introduce the wave function if/,n„ = il/,nn{x,y,k) defined 
by 

^„(x,,.t) = ^"-<"-'f''f-'*" (6.13) 

'^m,n\Xt y) 

Note that if t„,„ does not depend on variables y = (yi, • • •) and n then (Am,,i reduces to the wave 
function of the KP hierarchy; cf. (13.221) . We list below a few of the linear equations that are 
relevant to us. 

Lemma 6.8. The following linear functional equations hold: 

= — ^m,n+l ' ^^(A,„+l,„, (6.14) 

'^m+\,n'^m,n 

Ot^m,n + ^m,n " « ^m+\,n = 0, (6.15) 

'^m,n'^m+l,n-l '^m,n'^m+l,n-\ 

~ ^5,'^tn,n ' ^m+l,n-l , (^(5r ^^'£m,n-l ' '^m+\,n — 

Ot^m,n + ^m,n + tk ^m+\,n 

'^m,n'^m+l,n—l '^m,n'^m+l,n-l 

-^fe -"""''""^" ^.^..i. = 0. (6.16) 

^m,n^ni+l,n-l 

Here, for a function f = f(,x,y) we abbreviate f(x + [t],y + [r']) and f(x - [t],y - [t~^]) to f and 
f, respectively. 

Proof. If we put s = l/k in (16.91 ) and (|6.1 II) . then we verify (16.141) and (16.151) immediately. 
Moreover, differentiating (16.151) with respect to t yields (16.161) . □ 
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7 From UC hierarchy to Painleve V chain 



This section concerns a similarity reduction of the periodic mUC hierarchy. As a result we obtain 



the higher order Painleve equation P(A2^_^) or, equivalently, the Darboux chain with period 2£ 
(e>2);cf. Sects 

7.1 Similarity reduction 

Let r,„^n = Tm.n(x,y) be a solution of the mUC hierarchy. Assume the (^i, /'2)-periodicity Tm+{i,n = 
Tm,n+e2 = Tm,n and the homogeneity 

ETffin{x,y) — dffi,jT^ fi{x,y^ (.dm,n s (7.1) 

where E = Y,'^^^{nxnd/dxn - nynd/dy„). Note that the constants J,„,„ necessarily satisfy the balanc- 
ing condition J,„ „ + (i„,+i „+i = d,„^n+\ + ^m+i,n; see Remark |63l As seen later we can in fact restrict 
ourselves to the case where £i = £2, without loss of generality; nonetheless we shall consider a 
general case for a while. Now, we introduce the functions cr,„ „ = cr,„ „{a, s) (m, n 6 Z/£Z) defined 
by cr„,n(a, s) = Tm^n(x,y) undcr the substitution 

a a 
Xn = s + - and y^ = -s + -. (7.2) 
n n 

Note that s will play a role of the independent variable. From now on, we use abbreviated notations 
o^m,n and „ which stand respectively for cr,„ „(a +1,5) and cr,n,nici - 1, *), while cr,„ „ = cr„j „(a, s). 

Proposition 7.1. The functions crm,n = crm,n{<^, s) satisfy the system of bilinear equations 

(^.v + l)cr ■ Cr fn-i n — CT m~l.n~l^m.m (7.3) 

sD <;(T fji-\ fi-\ • (Tiji fi — (aD ^ + dffi-\ fi djnji^i) Cjfi fj^i • o"m-i^;j. (7.4) 
Proof. We observe that 



d _ / dx„ d dyn d \ _ / d d 
ds ^^[dsdxn ds dyn) ^[dxn dy^ 

and also that 

E = ^{nxn- nyn—\ = V («5 + a)— + {ns - a)—\ = s6i + aSi. (7.6) 

^\ OXn dyn I ^\ 5X„ 

Via the homogeneity (17.11) . we rapidly verify (|7.3I) and (17.41) from (16.101) and (16.121) . respectively. 
□ 

The next task is to derive a system of nonlinear ordinary differential equations from the bilinear 
equations given in Prop. 17.11 We introduce a set of dependent variables f„^n = fnA^^ ^) and 
gm,n = gmM, s) defined by 

Tm,n — ■> §m,n • \' ■ ' ) 

C"m- 1 ,n (^m,n-2 CTm- 1 ,n (^m,n- 1 
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Let £ denote the least common multiple of €i and £2- One can then find the conservation laws: 

e t 

]^/mHn-< = l and Y^g„+i^n-i = £, (V.8) 
(=1 (=1 

where the former is trivial and the latter a consequence of (17.31) . Additionally, we consider another 
set of variables m,„ „ = M,„,„(a, s) and v^,,, = v„,^„(a, s) defined by 

D sC^ffi n ■ 0",,;+! „ D^Cr ffi fi • (T,fi fi+l „ 

^m,n — ) ^m,n — • \'-^) 

C"m,nC"m+l,« (^m,n(^m,n+l 

Note that m„,_„ and v,„^„ are identical each other if we interchange the roles of suffixes m and n and 
replace s with -s. 

We know from (1731) that 

= 1 - l<m-l,n " and = 1 - Um-l,n-l ~ V„,_i^„_i. (V.IO) 

Although the above linear equations themselves can not be solved for m,„ „ and v,„ „, one can express 
M,„ „ and v„, „ in terms of gm,n and „ conversely. To be specific, we state the 

Lemma 7.2. Variables m„, „ anJ v„,_„ are quadratic polynomials in g^^n cind g^ „. 

Proof. First, the logarithmic derivative of g,„^„ reads 



gm,n d5 (^m,n-\(^m,n ^m- l.n—1 0"m- 1 .n 

= Vm,n-\ - Vm-\,n-l- (7.11) 



Observe that 



^m-l,n Ym—l,n—\ ~ — 

Q"m- 1 ,n- 1 ^m,n 

(aDg + df,i-\ fi dffi„-\)o'ffi f,-\ • (Tfjj-i fj . i _ . I 

-, usmg (|7.4I) 



^^m— 1 ,n- 1 ^m,n 
^(.Sm.n 1) "I" d,n-\,n ^m,n-l 



, using (1731) and (ITTl). (7.12) 



Thereby, with (|7.10l) in mind, each „(a +1) and v„, „(a +1) can be written as a rational function 
in Um,n(a) and Vm,n(«)- Now, (17.111) combined with (17.121) yields 

d^m,« , s ^(^gm,n 1) "I" ^m~l,n ^m,«-l 

^ (l^m,n-l ^m-\,n)§m,n 

d* s 

= (2v;„,„_i + g^^n - l)^m,n + , usmg (17.101) . (7.13) 

Due to the conservation (17.81) and the periodicity, we hence obtain the equality 

^ d^ • • ^ 

Q ^ ^ m^n J ^ Yj2Vm-,ln-j-\ + gm+j,n-j " l)^m+y,«-y- (7.14) 
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On the other hand, it follows again from (17.101) that 

i 

i,n-j-\ = Vm,n-\ + {^gm+i,n-i+\ ~ Sm+i,n-i^ 



i=\ 



for 1 < j <t. Substituting this into (17.141) we obtain a linear equation for v^^n-u thus, we have 



+ 1 1 

1 



Vm,n-~i —J p 8m+i,n-i+iSm+j,n~-j- 



l<i<j<{ 

By (17.101) . we can modify this into the form 



2 ^ <?m+!+l,(i-(+l<?"!+;+l,n-7- (7.15) 

i<i<j<t~l 



1 't;^ _ 

Vmn — Z I- — Sm-i+l,n+i+lSm-j,n+j+l 



Interchanging the roles of suffixes m and n in the above formula, we see also that 

-£ 1 
+ - 

2 £ 

i<i<j<e-\ 

\ — € 1 ^ 

= ^— + ■7 J] using the pcriodiclty. (7.16) 

i<!<y<^-i 

The lemma is proven. □ 

In fact, one can adopt («,„,«> v^,,,) or, alternatively, (gm,n,8m,n) essential dependent variables 
because: if once {Um,n,Vm,n) or igm,n,8m,n) given then fm,n is determined from the first order 
linear equation 



fm,n (Tffi—\,n—l(^m—\,n ^m,n-2^m,n-\ 

~ Sm,n ~ Sm,n-\ 



by quadrature. 

Starting from the logarithmic derivative of „: 



1 ^Sm,n _ 

— Uffi-iti-i Uffi—ifij 



we arrive at 

— : - (Wm-l,n-l - Vm~l,n~l)8mn ('-i') 

as ' s 

via (17.121) in the same manner as before; cf. (17.131) . Now the necessary differential equations have 
been all present. Since (|7.15l) and (17.161) hold, one can eliminate u^,,, and v„,^„ from (17.131) and (17.171) 
and thus obtain the differential equations for unknowns (^m,n> Alternatively, eliminating ^,„„ 
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and g„ „ from (17.131) and (17.171) by (17.101) yields the system of differential equations for 

_d_ 2 _ 2 _ /i (^ ^\ 

as \ SI \ SI 

dm,n dffi-\ n+\ ^rn i c \ 

+ , (7.18a) 

s 

— ( \- 2_ 2_/i a + l \ (, a + l \ 

ds \ s I \ s I 

+ . (7.18b) 

s 

Interestingly enough, for each (m, n) given (17.181) is closed with respect to the 2^-tuple of variables 
{Um+i,n-h Vm+i^n-i) whcrc i 6 Z/fZ. For instance, we fix m = n = hereafter. To improve the 
representation we consider further change of variables 

x = - V^, W2i = V^sui,-i + = ^l^svi^-i + :L^_2 . (7.19) 

Then we are led to the 

Theorem 7.3. The 2€ -tuple of functions Wn = w„(jc) (n e Z/2/'Z) satisfies 

d 2 9 

—(Wn + Wn-l) =Wn - Wn-\ + (7.20) 

djc 

where a^i = 2(di+i-i - J,- + a + 1) and a2i-\ = 2(J,_i - dj-t - a). 

This is exactly the Darboux chain with period 2£ (see Sect. S]) and thus it is equivalent to the 
fifth Painleve equation when £ = 2. 

Remark 1 A. No generality is lost by assuming £i = £2 because the system with general {£1,12)- 
periodicity is obviously a special case of that with {£, /") -periodicity, provided £ is the least common 
multiple of £\ and £2. 

7.2 Lax formalism 

In view of Remark l74l we let f 1 = £2 = £ from now on. Our goal here is to derive an auxiliary linear 
problem for /'(Aj^ j) from the UC hierarchy via the similarity reduction. Recall the definition 
(|6.13l) of the wave function: 

f, (x,,,t) = ^~-<^-'f''f-W' .^"'. 

As analogous to Lemma [STTTl we have the 

Lemma 7.5. Ifrm^^ = T,„,n(.x,y) obeys the homogeneity ET,n^„ = dm,nTm,n- Then it holds that 

d \ 

E k I l//ffi n — {.d/fi n-l d,n n)t^in,n- ('7-21) 

ok 
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Set (f>m^„{a, s, k) = il/,„^„{x,y, k) under the substitution (17.21) . 



Lemma 7.6. The wave functions ^m,n = (pmA^) = (pm,n{ci, s, k) satisfy the following linear equa- 
tions: 



(Pm,n{a) 



1 



fn 



(a + 1) - fc0^+i,„(a + 1), 



m+l,«+l 



d 

OS 

ok 

+ + a + dffi^ifi-i — d^fi)(pffi+[„{a + 1) 

d 

+ ksgm+ln — (pm+l,ni'^ + !)• 
OS 



(7.22) 
(7.23) 



(7.24) 



Proof. It is immediate to deduce (17.221) and (17.231) respectively from (16.141) and (16.151) with t = \ 
through (17.51) . We can verify (17.241) from (16.161) by taking into account (17.61) and Lemma [731 □ 



Notice the equality 



f. fm+l,nSm,n 

Jm,n — — 



(7.25) 



which follows clearly from (|7.7I) . The periodicity (pm+tn = 4>m,n^e = (t>m,n allows us to solve the 
linear equations (17.221) for „ = (pmA^^ + 1); we thus find that 



I ^ ( } 



7=1 V i=l 

Moreover, applying the above formula twice shows that 



'm+j-\,n-j- 



(7.26) 



^m,n = 0m,«(« + 2) 



with 



1 ^ ^ ( ^ \( ^ 

U\2 ^^^^ ^ 1 fl-^' 



(1-F) 

fm,n 



j=\ j' = l V !=1 



0, 



'm+j+j'~2,n~j~j' 



fm,n 



m+ j+i' -l,n-j-i' + 1 

J \ i'=\ 

0„,+y+/_2,«-;-/, using (1L25J) 



7=1 7'=1 
2f-l 



V i=l 



^ V r 'C,-0^+,^i,„^,^i, taking r = j + f-l, 



(7.27) 



^ ^ ■ Z5=l g,n+j,n-j UU fm+i,n-i (H I < r < 

' ^ %=r-i.X gm.j^-j (if ^ < r < 2^ - 1). 



Here we have used the conservation (17.8 
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Firstly, we shall take interest in a differential equation with respect to the spectral variable k. 
With the aid of dT22l) . (IT23]) . and (ITl5l) . one can rewrite ^T?2M into 

ok 

8m+\,n8m+l,n+l'^ 



fn 



m+l,n+l 



Hence, eliminating „ and by (17.261 ) and (17.271 ) yields the equation 



k~T~(pm,n ~ i.dm+\,n-\ dm fi-\)(pm,n 

ok 



a + d, 



+ 



+ 



+ 



m+ l,n~l "m. 



1 - F 



V i=l 



0m+ j,n~j 



(1 _ J^ey Zu 2-1 ^m+i' + \,n-i'+l 



m+i+\,n-i+l 



''m+ J,n—j 



^Sm+ 1 ,n 
(1 -F)2 



2e-i 



5m+i' + l,n-i'+l 



<Pm+j,n-j- (7.28) 



This has two regular singularities at = 0, oo and € irregular singularities at = exp {in ^T-lnji^ 
(n 6 Z/^Z). Notice that for each (m, n) fixed (|7.28l) is closed with respect to (pm+i,"-i ^ Z/^Z) as 
before. Let us consider 

^ = ((pQ,o,k(f>u-yrk^(f>2,-2,- ■ ■,k^~^(pe-i-M) and z = /r^ 

Then d7l8l) takes the form 



5z \ Z Z - 1 (Z - 1)2 

where the £ x£ matrices Aq, Aio, and Ai -i are given by 



(7.29) 



( eo ^0,1 + '70,1 



A 1,0 = -(^ij + r]i,j) 



0<i,j<C-\ 



+ 



^o/-i + Vo,e-i 

^[-2,t-\ + Vt-2,C-\ 

ee-1 

^0,0 

^1,0 ^1,1 



o 



^1,-1 = (hj) 



o<i,j<e-i 
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with 



^n,n+j — 



dn+l,-n-l dn-n-\ + ^ 

~€ ' 

7 I I /n+(+l,-n-i+l ) 



i=l 



n+J 



i?«+i' + l,-n-('+l ]~~[ 



!' = 1 



(=1 



n+i'+l, -«-!+! 



for < n < - 1 and 1 < j < £. Note that the suffix of each variable should be regarded as 
an element of Z/^Z. We observe that (17.291) has an irregular singularity (of Poincare rank one) 
at z = 1, and has two regular singularities z = and z = oo whose exponents read respectively 
(eo, ei, . . . , gf-i) and {fiQ,p\, . . . ,pt-i) with p„ = (a + dn-n-i - d^-n - From a standpoint of 
monodromy preserving deformations, (17.291 ) is the original linear differential equation that will be 
deformed with keeping its monodromy matrices and Stokes multipliers invariant. 
Secondly, we derive from (17.231) the deformation equation 



— O = 50, 

ds 



(7.30) 



where 



B = diag(^,+i,-, - l)o<,<f-i 
(0 fo,i 

1 



+ 



0/-1 











/-I 



+ 



^0,0 

^1,0 ^1,1 



e-\,\ 



o \ 



Finally, all the differential equations appearing in Sect. l7.1l emerge as the integrability condition 
of the system (17191) and (IT301) . 



Remark 1.1. If £ = 2, this system is equivalent to the Lax pair for given in u5 



8 From UC hierarchy to Painleve VI chain 

In this section, we consider a certain similarity reduction of the (£, f )-periodic mUC hierarchy. The 
resulting system of nonlinear ordinary differential equations describes a monodromy preserving 
deformation of an x ^ Fuchsian system with four regular singularities and, thus, it is regarded as 
a generalization of the sixth Painleve equation. 
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8.1 Similarity reduction 

Fix an integer I >2. Let us require a solution r^ ^ = Tm,n{x,y) of the mUC hierarchy to fulfill the 
following conditions: (i) homogeneity ETm,n = dm,nTm,n {dm,n e C); (ii) ^) -periodicity Tm+t,n = 
T,n,n+e = Tm,„; (iii) Specialization of variables as 

a + bt" , a + br" 

x„ = and yn = . (8.1) 

n n 

Concerning (i), we note that dm,n + '^m+i.n+i = d,n^n+i + '^m+i.n automatically holds. Under these 
conditions, set (Tm,n(a,b,t) = Tm^n(x,y). First we prepare a system of bilinear relations satisfied 
by cr^„. To simplify an expression, we shall write for brevity a^m,« = cr,„^„(a + l,b,t) and £;m,n = 
Cm,nici - l,b, t), while cr,„ „ = o-m,n('^, b, t). Likewisc let (T,„ „ and g-„,^„ stand for (Tm,„(a, b+ 1,0 and 
cr,n^nici, b - 1,0, respectively. 

Proposition 8.1. The functions crm,n = o;„^n(ci, b, t) satisfy the following bilinear equations: 

{t — i}crffi,nC^m+l,n+\ ~ t(^mi-l,n(^m,n+l (^m+Y,n(^m,n+\ — O5 (8.2) 

{tDt + b)0' m+l,n ■ C m,n+l = b(T ^^^C^ m+l.ii+l, (8.3) 

{~tDt + dfn+i^n — d,n,n-¥\ + ^ Crm+\,n ' 0'm,n+l — ^CTm.n^m-^ 1 .»+ 1 , (8.4) 

{{t -l)Dt- b) Ojn^n • 0-m+\,n + b(T,n,nZm+ln = 0, (8.5) 

{tit - l)Dr + (t - l)id^^i 
Proof. First (18.21 ) is immediate from (16.91 ) with 5=1. We see that (18.11 ) implies 

d 

t— = b6t and E = a6i+ bS,. (8.7) 
at 

Hence, (18.31) and (18.51) are direct consequences of (16.101) and (|6.1 II) with 5=1, respectively. By 
virtue of the homogeneity condition ET,n,n = dm,nTm,n, also (18.41) and (18.61) can be deduced from 
respectively (16.101) and (16.1 II) with (?, s) replaced by (1, 0- □ 

Next we shall write down a system of nonlinear differential equations for appropriately chosen 
variables. Consider the functions fm,n = fm,n{ci, b, t) and gm,n = 8m,n(^, b, t) (i = 0, 1) defined by 

^•(0) ^m,n-l(^m-l,n-l ^(j) (^m,n—l^m—\,n—\ ,„ 
Jm,n ~ — ' Jm,n ~ Z j K'-'-'-') 

(^m-l,n(^m,n-2 C"m-l,nO"m,n-2 

(0) _ Zm-hn-lCrm,n (j) _ (T,n-l,n-lO'm,n 

6m,n ~ " ' 6m,n ^ • yO-^J 

(^m-\,n(^m,n-\ 0"m-l,nO"m,n-l 

One can find the following conserved quantities 

f 

nC>-; = l' (8.10) 



7=1 ;=i 
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Here the first line is immediate by definition of /-variables and the second can be verified from 
(18.31 ) and (18.41) . Furthermore we introduce auxiliary variables and V^]n (hj e {0, 1}, z j) 
given as 

tt(0,I) _ OIm,n-lO"m,n _ ^ 0'm,n-lO'm,n ,„ ^ 

T/(0,1) _ Q gIm-l,>iO"m,n t7(1,0) _ 0'm-l,nO'm,n i 

'm,« ~ 1 _ ;f ' ~ f _ ^ rr rr ' \0.iJ) 



Then we observe that 



m-\,n ^jjm,n 



yd J) _ = and = (8 14) 

with(?o,fi) = (1,0- Here the former is a consequence of (18.21) and the latter follows just from (18.81) . 
Solving the above linear equations leads us to 

1 ^ t f^^ 



^ ^ y „(/) n -'^m-/;+i.»+/j 

n,n , / ; Sm-a+l,n+a-l [ [ . AJ) ' 

(^^j - 1 0-=! I3=\ '■jJm-l3+l,n+l3 

1 ""^ t-1 

m,n , /.bm-a,n+a \ I 

(f ) - 1 «=1 yS=0 



f /■('■) 



Namely, in view of (18.101 ). we can actually express Um^n and V^in as polynomials in fm,n and gm,n- 

Theorem 8.2. The functions fm,n <^nd gllln (i = 1) satisfy the system of ordinary differential 
equations 

ajm,n _ / (1) rKO.l) _ y(0,l) \ .(1) 



dt 
"dT 
"dT 

IT 



f.^d) _ [/(l.O) + y(l,0) \ AO) J5^x 

\ '-^ m-l,ii m,n-l) Jm,n' y^o.LJUj 

_[/(1.0) (0) _ y(0,l) (1) l5c^ 
= [/(0,i)„(i) + y(l,0) (0) l5^^ 



where 



ant,„ =a + b + dm,„-i - d,n~i„ = gf^^„ + g^^]„ e C (8.16) 

are constant parameters. 

Proof. We shall demonstrate only (|8.15al) and (I8.15dl) because the others can be verified in a 



similar manner. First we notice from (18.21) that the formulae 
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hold. Taking the logarithmic derivative of f^ l shows 



t df:,:> tD 



m-\,n 



fmn (^m,n-l(^m-l,n 



(^m,n-2(^m—\,n—\ 



"m,n-l (im-l,n CI Cl~ ~ 

C"m,M- 1 0"m- 1 ,n 



+ using (Band (1831) 

'-'"m,«-2*-'"m- 1 1 
_ (1) 



j(0) 
tm,n'> 



which thus implies (I8.15al) . Likewise we observe that 



t d^m,« ^^fQ"m- l.n-l ■ m,n-l tDfCT m-\,n ' C" fn,n 



,(0) dt 



C^m-l.n- 1 ^m,n- 1 



bt ( ^m- 1 ,n- 1 ^m.n- 1 C^i- 1 ,« C^m.n 

——{-- = + '^r^ 

^ ^ \ ^m-l.n- 1 ^m.n- 1 ^m-l,n^m,n 

bt 



using (1831) 



f- 1 



.(1) 



b§m\i ^m,n-\^m,n ^m-\,n^m,n 



_ 7-7(0,1) 6^ , y(l,0) 
^ m,n (0) m,n ' 

which coincides with (|8.15d|) . 



,(0) 
im,n 



□ 



Remark that for each (m, n) given the system is closed with respect to the 2^-tuple of variables: 

/ 

^ m 



^m+j,n-j 



,(1) 

^m+j,n-j 



and h 



' m+ j,n-j+ 1 



m+ j,n-j+l 



f 

J r, 



.(0) 

m+ j,n-j+ 1 



for j 6 z/a. 



If we take into account the conservation (|8.10l) and (18.1 II) . then the essential dimension of the 
phase space turns out to be 2^ - 2. As demonstrated below the case £ = 2 is equivalent to the 
sixth Painleve equation P^i, which is, needless to say, of second order. We shall call (|8.15|) the 
Pyi-chain. 



8.2 Example: (2, 2)-periodic case and Pyi 

Consider the case where £ = 2. We are interested in a system of differential equations satisfied by 
the variables g = g\^l and h = f[^ll ffl- From Theorem [Q] we observe that 

{f - 1)^ = -ih - h-')g(g - 2b) + (ai,o/7 + aojh-')g - 2a,^obh, 
dt 

T d/z , , 

(r - 1)— = {h- t){h - t~^)i2g -2b-aio)- («o()? + «i it )h + 2(a + b). 

dt , , , 
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Let us take the change of variables (g, h) {q, p) defined by 

_ h{g - 2b) _ -b d-ifl(Tifi 
^ t{g + 2a- aifi) at a=i,oZi,o ' 
g -ato'ioZ.UQO-o,! 



P = 



2q 2 cro,oCri,iO-i,( 



Put s = I /f. We then arrive at the Hamiltonian system 

d^ _ dH dp _ dH 

ds dp ds dq 

with the Hamiltonian function H = H{q,p; s) given as 

s{s - \)H = q(q - \){q - s)p^ - {{kq - \)q{q - 1) + Kiq{q - s) + e{q - \){q - s))p + Kq, 

where Kq = di^ - Jo,o + 1 /2, ki = do,\ - do^ + 1/2, 6 = b, and k = ai o(ai_o - 2a)/4. This is exactly 
the Hamiltonian form of Pyf, see [24, 35J. 

Note that also the Pyi-chain, (18.151) . for a general £ case can be transformed into a Hamiltonian 
system whose Hamiltonian function is a polynomial in the canonical variables. For details to lISTI . 

8.3 Lax formalism 

The homogeneity Et,„^„ = dni,nT,„^„ ensures the formula (E - kdldk)i]/m,n = (<im,«-i - d,„^„)iff,„y, 
see Lemma 1731 Set (f>,„ „{a,b,t,k) = if/,n,n{x,y,k) under the substitution (18.11 ). Then, Lemma [6^ 
together with (18.71) leads us to the 



Lemma 8.3. The wave functions 0,„ „ = (pm,n(^, b, t, k) satisfy the following linear equations: 



1 - 



(0) 

m+l,n+\ 



■'m+l,n+ 



'dt^ 



Here we have used the abbreviations = cpmA'^ + ^^i>,t,k) and ^,„^„ = 4>m,n{'a, b + l,t,k). 
Due to the f)-periodicity one can solve the linear equations (18.181) for thus, 



(8.18) 

(8.19) 

(8.20) 
(8.21) 



j=l \ i=l , 

Likewise (18.191) tells us that 

1 ^ ■ { ' 
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'm+j-\,n-j- 



'm+ j-\,n-j- 



Firstly, we put our attention to the linear differential equation with respect to the spectral vari- 
able k. Noticing (18.161 ) and combining (18.201) with (18.211) . we therefore obtain 



J ^ 1 _ / J ^ \i ^in+\,n V"' ,j 1 r ^(0) 

'^~Qj^Ym,n — \Mm+\,n-l ~ ^m,n-\)'Pm,n + ~y ^ / ^ | | Jffi+i+l^n-i+l 

(tk)' 



-.(0) 



j=i V '=1 

(1) 

m+;+l,n-i+l 



0m+ j,n~j 



001+ j,n-j 5 



which has the 2£ + 2 regular singularities at = 0, oo, exp {in V-Tw/^j , t ' exp (2;r V-Tn/^j (n € 
Z/£Z). But, however, this expression is quite redundant. Let 

O = "^(00,0,^01,-1,^^2,-2, ■■■,^^"V^-i,-f+i), z = ^^ and s=l//. 
Then we obtain the equation 

dQ> , _ /An Ai A, 



/^o Ai A, \^ 
oz \ z z - 1 z - si 

where the ix£ matrices Aq, Ai, and A, read 

VVo,f-l "1 

' • . 



' V '.J/o</, 



A. = 



v! 



(1) 

0,1 





1^i'-2,^-l 



,(1) ^ 







/ (1) 

•^1,0 "^1,1 



V ^e-ifl v-1,1 



O 



V-i,f-i / 



with e„ = (dn+i,-r,-i - 4,-n-i + and w^j- = vjj + v|^^^^; we 



set 



V 



(0) _ ^n+l. 
n,n+j p 



I I «+!+l, -«-('+ 1 ' 



!=1 



V 



(1) _ 6n+ 
n,n+j £ 



p II J n+i+i,-n-i+l 



(8.22) 



for < n < ^ - 1 and 1 < j < i. Note that we read appropriately the suffixes of dependent 
variables modulo i as before. The equation (18.221) still remains Fuchsian and has the four regular 
singularities z = 0, 1,5, oo. The exponents at each singularity are listed in the following table 
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(Riemann scheme): 



Singularity 



Exponents 



z = 
z=l 
z = s 

Z = oo 



ieo,ei,...,e{-i) 
(-a,0,...,0) 
(-^,0,...,0) 

(ai.o 0-2.-1 



(8.23) 



et-i 



Note that both Ai and A , are not full rank (but rank one), unlike Aq and Aoo = -(Aq + Ai + A^). For 
example let us look at A, . Fix the row vectors 



/ 



g 



■i+l 



V ' -^2,0' 2,0-^3,-1' ■•■ ' J2,0J3-i Jo,!)' 



,(1) 



o<j<e-i 



( 

62,-1 



'?3,-2 



,(1) 



0<y<f-l 



,(1) 

'1.0' ^f(l)' ^2f(l) ^ 
'^2,0 ' ^2,0^3,-1 



-f+1 



' f^^^ f*^'^ f^^' 

' •/2,0-/3,-l -^0,2 



We see indeed that A ^ is expressed as = ^ g ■ f and that f - ^ g = Ylj=o ,?y+i _y = Also, the 
case of Ai can be checked in the same way. 

Secondly, we obtain from (18.201 ) the deformation equation with respect to 5 = 1 jt^: 



— O = 50, 

OS 



(8.24) 



where 



5 = diag(-^-v;;>) 

/0<i<(-l 



+ 



z - s 



v: 



,(1) 

0,1 





V, 



(1) 

0,f-l 



/I) 

"^€-2,^-1 





+ 



z - s 



( (1) 

"■^1,0 



,(1) 



o 



/I) 



„(1) 



V ^^-1,0 ^f-1,1 



'^f- 1,^-1 ^ 



Finally, we can again recover the Pyrchain from the integrability condition - 5, ^ - Aj = 
of the system (18.221) and (18.241) . Since (18.221) is Fuchsian, the Pyrchain turns out to be equivalent 
to a Schlesinger system ( fi43il ) specified by the Riemann scheme (18.231) . 



Remark 8.4. If = 2, the above system is equivalent to the Lax pair for Pyi given in [fT5ll43]| . 



A From KP hierarchy to Painleve I equation 

In this appendix, we demonstrate the derivation of the first Painleve equation {Pi) from the two- 
reduced KP hierarchy, i.e., KdV hierarchy, through a certain reduction procedure by the use of a 
Virasoro operator. Such a relationship between Pi and the KP hierarchy was first recognized in the 
context of 'two-dimensional quantum gravity'; see, e.g., |^|12l|22l. We also show that the Lax 
pair for Pi naturally arises from the associated linear equations of the KP hierarchy. 
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A.l Reduction by using a Virasoro operator 

Introduce a differential operator (a Virasoro operator): 



L(= L_2) = ^ + 2^(n + 2)x„+2^. 

Let T = r(x) be a solution of the KP hierarchy, (|2.5|) or (|2.6|) . that fulfills the following conditions: 

dT 



^ -0 (n = l,2,...), (A.l) 

Lt(jc) = ct(jc) (c e C). (A.2) 

The first condition means that r is a solution of the KdV hierarchy. For instance, it satisfies the 
KdV equation (cf. (IZ71) ): 

(d,,'-4D,,D,^)tt = 0. (A.3) 
Set o-(x) = t(x) under the specialization 

4 

Xi = X, X5 = -, and = (ni^l,5). (A.4) 

Proposition A.l. A function cr = cr{x) satisfies the bilinear differential equation 

[d/ + 2x)o--(r = 0. (A.5) 

Proof. Observing that 

— = — and 4— = -^+L, (A.6) 
0x1 ax 0x3 2 

we can deduce (IA.5I) from (|A.3I) immediately. □ 

If we take the variable q = -(d/dx)^ log cr, then (|A.5I) is equivalently rewritten into the first 
Painleve equation Pf. 

A.2 Lax formalism 

We first prepare some formulae for the wave function. Set 

p{x,k) = X^(k)Tix) = t{x - [r^])/^^'*^\ 
The KP hierarchy (|231) multiplied by 1 X^{k) yields Z;+;=-2 X;t (8) X|p = 0, namely, 

Gi(t(x),p(x,^);h) = 0; 
recall (12.251 ). The coefficients of 1 = and Ui of the above equation show respectively that 

(d,,^ + D,,)t-p = 0, 
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Hence, for the wave function ij/{x, k) = p(x, k)/T(x), we find that 



+ ' U = 0, (A.7) 



dxi^ dX2 

* -4 A, 3^ A, 35^)^ = 0. (A.8) 



\dxi^ dxidx2 dx3 dxi 
Now, by applying the constraint (|A.2I) . we can verify the formula 



L - _ r 1 ^) ^ = i-2x2 - ^1 <A. (A.9) 



2 dkj^ \ 2 

Under the substitution (IA.4I ), we write (p{x, k) = (/f(jc, k). By virtue of (IA.9D together with (IA.6I) , the 
lemma below follows readily from (|A.7I) and (IA.8I) . 

Lemma A.2. T/ze wave function (p = 0(jc, fc) satisfies the following linear equations: 

'2\ 



where p = dq/dx. 

Let O = ^ (0, dcf)/dx) k~^^^ and z = fc^. We then arrive at the system of 2 x 2 matrix equations 



u-B^-ii'iurAW (A.n) 



dx \\2q ) ^\ \ 

We see that (lA.lOl) has only one irregular singularity at z = oo whose Poincare rank is 5/2. The lat- 
ter, (lA.l IL governs the monodromy preserving deformation of the former. This system is identical 
to the Lax pair for Pi given in il5il . Indeed, Pi can be recovered as its integrability condition. 
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